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15. Stieltjes Integration

Definition 112 b: R" — C is right-continuous of finite variation.
The Stieltjes L'-spaces associated with b are defined as:

2

L& (b) {f :RT — C measurable, / |f1d|b] < +oo}

2

t
L&) {f ‘Rt > C measumble,/o | £]d|b] < +o0,Vt € R+}

where the notation | f| refers to the modulus map t — | f(t)].

Warning : In these tutorials, fot ... refers to f[o g - e the domain
of integration is always [0, ¢], not ]0,¢], [0, ¢[, or |0, ¢[.

EXERCISE 1. b: RT — C is right-continuous of finite variation.

1. Propose a definition for L} (b) and Lﬁloc(b).

2. Is L& (b) the same thing as LG (R, B(R™),d|b])?
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3. Is it meaningful to speak of LG(R*T, B(RY), |db|)?
4. Show that LL(b) = LL(|b]) and LE¢(b) = L5°°(b).
5. Show that L&(b) C L51°¢(b).
EXERCISE 2. Let a : RT — RT be right-continuous, non-decreasing
with a(0) > 0. For all f € Léloc(a), we define f.a: Rt — C as:
At
fa(t) = / fda , vVt € RT
0

1. Explain why f.a : RT — C is a well-defined map.

2. Let t € RY, (t,)n>1 be a sequence in RT with ¢,, |} . Show:
hm /fl[o’tn]da = /fl[(),t]da

n—-+oo
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3. Show that f.a is right-continuous.

4. Lett € Rt and tg < ... <t, be a finite sequence in [0, ¢]. Show:

i—1)| < d
Z|fa ~ faltiy)| /}O,t]fla

5. Show that f.a is a map of finite variation with:

|f.al(t) /\f|da vte RT

EXERCISE 3. Let a : RT — R™ be right-continuous, non-decreasing
with a(0) > 0. Let f € L&(a).

1. Show that f.a is a right-continuous map of bounded variation.
2. Show d(f.a)([0,t]) = v([0,t]), for all t € R, where v = [ fda.

3. Prove the following:
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Theorem 86 Leta:R'T — R™T be right-continuous, non-decreasing
with a(0) > 0. Let f € Lg(a). The map f.a : RT — C defined by:

fa(t) 2 /Ot fda , ¥t e RT

s a right-continuous map of bounded variation, and its associated
complex Stieltjes measure is given by d(f.a) = [ fda, i.e.

d(f.a)(B / fda , VB € B(R™")

EXERCISE 4. Let a : RT — R™ be right-continuous, non-decreasing
with a(0) > 0. Let f € LY°%(a), £ > 0.

1. Show f.a is right-continuous, non-decreasing with f.a(0) > 0.

2. Show d(f.a)([0,t]) = n([0,t]), for all t € RT, where u = [ fda.
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3. Prove that d(f.a)([0,7]N ) = pu([0,7]N -), for all T € RT.

4. Prove with the following;:

Theorem 87 Leta: RT — R™T be right-continuous, non-decreasing

with a(0) > 0. Let f € Laloc(a), f>0. The map f.a : RT — RT
defined by:

t
at)é/ fda , Vt € RT
0

is right-continuous, non-decreasing with (f.a)(0) > 0, and its associ-
ated Stieltjes measure is given by d(f.a) = [ fda, i.e.

d(f.a)(B / fda , VB € B(R™)

EXERCISE 5. Let a : RT — RT be right-continuous, non-decreasing
with a(0) > 0. Let f € L5°C(a) and T € R*.
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1. Show that [|f|lj rjda = [ |f|dal®T] = [|f|da™.
2. Show that fljo 7 € Lg(a) and f € L (a™).

3. Show that (f.a)" = f.(a¥) = (f1jo.1))-a-
4. Show that for all B € B(R™):

/fda /floT

5. Explain why it does not in general make sense to write:
d(f.a)" = d(f.a)([0,T]N -)
6. Show that for all B € B(R™):

d(f.a)7|(B) = /B fllo.nda

7. Show that |d(f.a)T| = d|f.a|([0,T] N -)
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8.

11.

12.
13.

14.

Show that for all t € RT
¢

Fal(t) = (fla)(t) = / flda

. Show that f.a is of bounded variation if and only if f € Lg(a).
10.

Show that A(f.a)(0) = £(0)Aa(0).

Let t > 0, (tn)n>1 be a sequence in R* with ¢, 11 ¢. Show:

lim /fl[o’tn]da:/fl[(),t[da

n—-+oo

Show that A(f.a)(t) = f(t)Aa(t) for all t € RT.

Show that if a is continuous with a(0) = 0, then f.a is itself
continuous with (f.a)(0) = 0.

Prove with the following;:
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Theorem 88 Leta:R'T — R™T be right-continuous, non-decreasing
with a(0) > 0. Let f € Léloc(a). The map f.a: RT — C defined by:

t
fa(t) 2 /O fda , Vte RT

is right-continuous of finite variation, and we have |f.a| = |f]|.a, i.e.

) = [ 1slda . vt e R?

In particular, f.a is of bounded variation if and only if f € L&(a).
Furthermore, we have A(f.a) = fAa.

EXERCISE 6. Let a : RT — R™T be right-continuous, non-decreasing
with a(0) > 0. Let b : RT — C be right-continuous of finite variation.

1. Prove the equivalence between the following:

(1) dJb| << da
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(i4) db”| << da , VT € RT
(iid) db" << da , VT € RT

2. Does it make sense in general to write db << da?

Definition 113 Let a:RT —R™T be right-continuous, non-decreasing
with a(0) > 0. Let b: R — C be right-continuous of finite variation.
We say that b is absolutely continuous with respect to a, and we
write b << a, if and only if, one of the following holds:
(1) d|b] << da

(i) |db"| << da , VT € R

(iid) db’ << da , VT e R
In other words, b is absolutely continuous w.r. to a, if and only if the

Stieltjes measure associated with the total variation of b is absolutely
continuous w.r. to the Stieltjes measure associated with a.
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EXERCISE 7. Let a : RT — R be right-continuous, non-decreasing

with a(0) > 0. Let b : RT — C be right-continuous of finite variation,
absolutely continuous w.r. to a, i.e. with b << a.

1. Show that for all T' € R™, there exits fr € L&(a) such that:
dv"(B) = / frda , VB € B(R")
B
2. Suppose that 7,7 € R and 7' < T". Show that:

/ deCL :/ fT/da , VB € B(RJr)
B BA[0,T]

3. Show that fp = fp l[O,T] da-a.s.

4. Show the existence of a sequence (f,),>1 in L&(a), such that
forall 1 <n <p, fn = fplo,n and:

¥n>1, db"(B) :/ foda , VB € B(R")
B
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5. We define f: (RT,B(R")) — (C,B(C)) by:
Vte R, f(t) = fu(t) forany n>1: ¢t € [0,n]
Explain why f is unambiguously defined.
6. Show that for all B € B(C), {f € B} = U/>[0,n] N {f. € B}.
7. Show that f: (RT,B(R")) — (C,B(C)) is measurable.

8. Show that f € Léloc(a) and that we have:
t

b(t) :/ fda , ¥Vt e RT
0

9. Prove the following:
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Theorem 89 Leta:R'T — R™T be right-continuous, non-decreasing
with a(0) > 0. Let b : RT — C be a right-continuous map of finite

variation. Then, b is absolutely continuous w.r. to a, i.e. d|b] << da,

if and only if there exists f € Léloc(a) such that b = f.a, i.e.

t
b(t):/ fda , Vte R"
0

If b is R-valued, we can assume that f € Laloc(a),
If b is non-decreasing with b(0) > 0, we can assume that f > 0.

EXERCISE 8. Let a : RT — R™ be right-continuous, non-decreasing
with a(0) > 0. Let f,g € Lé’loc(a) be such that f.a = g.a, i.e.:

¢ t
/ fdaz/ gda , ¥Vt € RT
0 0
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1. Show that for all 7€ R* and B € B(R"):
)" (B) = [ fromda= [ gionda

2. Show that for all T € R+, fl[O,T] = gl[O,T] da-a.s.
3. Show that f = g da-a.s.

EXERCISE 9. b: Rt — C is right-continuous of finite variation.

1. Show the existence of h € Léloc(|b\) such that b = h.|b|.
2. Show that for all B € B(R") and T € R™:

dv" (B /hd\b|T /h\de

3. Show that |h| =1 |dbT|-a.s. for all T € R™.
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4. Show that for all T € R™, d|b|([0,T] N {|h| # 1}) = 0.
5. Show that |h| =1 d|b|-a.s.

6. Prove the following:

Theorem 90 Letb: RT — C be right-continuous of finite variation.
There exists h € Léloc(|b\) such that |h| =1 and b = h.|b|, i.e.

t
b(t) :/ hdlp| , vt € Rt
0

Definition 114 b: RT — C is right-continuous of finite variation.
For all f € LE(b), the Stieltjes integral of f with respect to b, is

defined as:
/fdb = /fhd|b\
where h € Léloc(\bD is such that |h| =1 and b = h.|b|.
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Warning : the notation | fdb of definition (114) is controversial and
potentially confusing: ’db’ is not in general a complex measure on R,
unless b is of bounded variation.

EXERCISE 10. b: RT — C is right-continuous of finite variation.

1.
2.

Show that if f € Lg(b), then [ fhd|b| is well-defined.
Explain why, given f € L§(b), [ fdb is unambiguously defined.

Show that if b is right-continuous, non-decreasing with 5(0) > 0,
definition (114) of [ fdb coincides with that of an integral w.r.
to the Stieltjes measure db.

. Show that if b is a right-continuous map of bounded variation,

definition (114) of [ fdb coincides with that of an integral w.r.
to the complex Stieltjes measure db.

EXERCISE 11. Let b : RT — C be a right-continuous map of finite
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variation. For all f € Léloc(b), we define f.b: RT — C as:

t
f.b(t)é/ fdbé/fl[o7t]db, vt e R*
0

1. Explain why f.b: RT — C is a well-defined map.

2. If b is right-continuous, non-decreasing with b(0) > 0, show this
definition of f.b coincides with that of theorem (88).

3. Show f.b = (fh).|b], where h € L51°¢(b]), |A] = 1, b = h.]b].

4. Show that f.b: RT — C is right-continuous of finite variation,
with |f.0] = |f|.]Y], i-e.

t
£b](t) = / fldle| , vt e R

5. Show that f.b is of bounded variation if and only if f € L&(b).
6. Show that A(f.b) = fAb.
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7. Show that if b is continuous with b(0) = 0, then f.b is itself
continuous with (f.0)(0) = 0.

8. Prove the following:

Theorem 91 Letb: RT — C be right-continuous of finite variation.
For all f € LEY°(b), the map f.b: RY — C defined by:

t
é/ fdb , vt € R*
0

is right-continuous of finite variation, and we have |f.b| = |f|.|b], i.e.

£01(0) /If\d\bl vieR*

In particular, f.b is of bounded variation if and only if f € L&(b).
Furthermore, we have A(f.b) = fAb.
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EXERCISE 12. Let b: RT — C be right-continuous of finite variation.
Let f € L5°(b) and T € R

1.
2.

Show that [ |f[1jorydlb] = [ 1/1dlb[©T) = [|f]d[b].
Show that f1j 7] € L&(b) and f € L (bT).

. Show b7 = h.[bT|, where h € LEC(b)), |h| =1, b = h.b].
. Show that (£.6)7 = £.(b7) = (f1j0.17).b
. Show that d|f.b|(B) = [ |f|d|b| for all B € B(RT).

. Let g : R™ — C be a measurable map. Show the equivalence:

g€ L) & gf € LEOW)

Show that d(f.b)"(B) = [, fhd[b"| for all B € B(R™T).
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8.

10.
11.
12.
13.

Show that db” = [ hd|bT| and conclude that:

d(f.0)"(B) = /debT , VB € B(R")

. Let g € L5C(£.b). Show that g € L&((f.b)T) and:

/gl[o,t]d(f.b)T :/gfl[07t]de ,VteRT

Show that g. ((f.6)") = (¢f)-(b").
Show that (g.(f.b))T = ((gf).b)T.
Show that g.(f.b) = (gf).b

Prove the following:
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Theorem 92 Letb: RT — C be right-continuous of finite variation.

For all f € Lé’loc(b) and g : (R, B(R*")) — (C,B(C)) measurable
map, we have the equivalence:

g€ LE(1b) = gf € LG()
and when such condition is satisfied, g.(f.b) = (fg).b, i.e.

/Otgd(f.b) :/Otgfdb, vteRT

EXERCISE 13. Let b : RT — C be right-continuous of finite variation.
let f,g € Léloc(b) and a € C. Show that [+ ag € Léloc(b), and:

(f +ag)b= fb+alg.b)

EXERCISE 14. Let b,c¢ : RT — C be two right-continuous maps of
finite variations. Let f € Léloc(b) N Léloc(c) and a € C.
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1. Show that for all T € R*, d(b+ ac)” = db” + adc™.

2. Show that for all T € R, d|b + ac|T < db|T + |a|d|c|T.

3. Show that d|b+ ac| < d|b| + |ald|c].

4. Show that f € L5°%(b + ac).

5. Show d(f.(b+ ac))T(B) = [ fd(b+ ac)” for all B € B(RY).
Show that d(f.(b+ ac))T = d(f.b)" + ad(f.c)T.

Show that (f.(b+ ac))? = (f.b)T + a(f.c)T

© N>

Show that f.(b+ ac) = f.b+ a(f.c).

EXERCISE 15. Let b : RT — C be right-continuous of finite variation.

1. Show that d|b| < d|b1|+d|bz|, where by = Re(b) and by = Im(b).
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2. Show that d|b;| < d|b| and d|ba| < d|b].
1,loc . "
3. Show that f € Lg (), if and only if:

f € LEO(ba*) 0 Lg% (ba]7) 1 LG (ol F) N LG (el )

4. Show that if f € L5¢(b), for all t € R+:
t t t t t
/fdb:/fd|b1|+—/fd\bl\‘+i (/ fd\bz\+—/ fdlbz‘>
0 0 0 0 0

EXERCISE 16. Let a : Rt — R™ be right-continuous, non-decreasing
with a(0) > 0. We define ¢ : Rt — [0, +00] as:

c(t) 2 inf{se Rt : t<a(s)}, Vte R"
where it is understood that inf ) = +oo. Let s, € R™.

1. Show that t < a(s) = c(t) < s.
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- w

ot

®© N o

10.
11.

. Show that ¢(t) <s = t <a(s).
Show that ¢(t) <s = t<a(s+e¢€), Ve > 0.

(

(

Show that c(t) <s = t <af(s).

)

) <
) <
Show that c(t) < 400 & t < a(o00).
Show that ¢ is non-decreasing.

Show that if ¢y € [a(c0), +00], ¢ is right-continuous at .

Suppose tg € [0,a(c0)[. Given € > 0, show the existence of
s € R, such that c(tg) < s < c(to) + € and to < a(s).

Show that ¢ € [to,a(s)] = c(to) < e(t) < c(to) + €.
Show that ¢ is right-continuous.
Show that if a(c0) = 400, then ¢ is a map ¢: R — R* which

is right-continuous, non-decreasing with ¢(0) > 0.
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12. We define a(s) = inf{t € R™ : s < ¢(t)} for all s € RT. Show
that for all s, € RT, s <c(t) = a(s) <t.

13. Show that a < a.
14. Show that for all s,t € Rt and € > 0:
a(s+e€) <t = s<s+e<c)
15. Show that for all s, € Rt and € > 0, a(s+¢) <t = a(s) <t.

16. Show that a < a and conclude that:
a(s) =inf{t e RT: s<c(t)}, Vse R

EXERCISE 17. Let f : R™ — R be a non-decreasing map. Let o € R.
We define:

x0 = sup{z € RT : f(x) <a}
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1. Explain why 29 = —oo if and only if {f < a} = 0.

2. Show that xg = +o0 if and only if {f < a} =R™.

We assume from now on that zg # 40o. Show that 2o € R™T.
Show that if f(zo) < a then {f < a} = [0, zg].

5. Show that if v < f(x¢) then {f < a} = [0, z0[.

6. Conclude that f: (RT,B(R")) — (R, B(R)) is measurable.

EXERCISE 18. Let a : Rt — R™ be right-continuous, non-decreasing
with a(0) > 0. We define ¢ : Rt — [0, +00] as:

c(t) 2 inf{s e R": t<a(s)}, Vt e R"

1. Let f: Rt — [0, +0cc] be non-negative and measurable. Show
(f 0 €)1{ccqooy is well-defined, non-negative and measurable.
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2. Let t,u € R, and ds be the Lebesgue measure on R*. Show:
a(t)
/0 (Lj0,u) © )1 {cctoords < /1[o,a(mu)}1{c<+oo}d8
3. Show that:
a(t)
/ (Lj0,u) © €)1 {ec o1 ds < alt Au)
0
4. Show that:
a(t) a(t)
a(t A u) = /0 1[0,a(u)[d8 = /0 1[0,a(u)[l{c<+oo}d8
5. Show that:

a(t)
a(t Au) < / (L0,u) © )1 {ecto0yds
0
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6. Show that:
t a(t)
/ 1[07u]da:/ (1[071,] OC)]_{C<+OO}dS
0 0
7. Define:

t a(t)
D = {B €BR"): / 1pda :/ (1p oc)l{c<+oo}ds}
0 0

Show that Dy is a Dynkin system on R™, and D; = B(R™).

8. Show that if f: RT — [0, +oc] is non-negative measurable:

t a(t)
/ fda:/ (f © ) Lfecronyds , Yt € R
0 0

9. Let f : RT — C be measurable. Show that (f o ¢)l{cciooy is
itself well-defined and measurable.
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10. Show that if f € Léloc(a), then for all ¢ € R, we have:
(f 0 ) lgectoot o) € Le(RT, B(RY), ds)

and furthermore:

t a(t)
[ rda= [ g0 crnyds
0 0

11. Show that we also have:

/ot fda= /(f o ¢)lp,qt)[ds

12. Conclude with the following:
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Theorem 93 Leta:R'T — R™T be right-continuous, non-decreasing
with a(0) > 0. We define ¢ : Rt — [0, +00] as:

c(t) = inf{se R": t<a(s)}, Vte R
Then, for all f € Léloc(a), we have:

t a(t)
| rda= [ (o tcsn) () v RY
0 0
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