Tutorial 18: The Jacobian Formula 1

18. The Jacobian Formula
In the following, K denotes R or C.

Definition 125 We call K-normed space, an ordered pair (E, N),
where E is a K-vector space, and N : E — R* is a norm on E.

See definition (89) for vector space, and definition (95) for norm.

EXERCISE 1. Let (-,-) be an inner-product on a K-vector space H.
1. Show that || - || = /(-,-) is a norm on H.

2. Show that (H,| -||) is a K-normed space.

EXERCISE 2. Let (E, | -||) be a K-normed space:
1. Show that d(z,y) = ||z — y|| defines a metric on E.

2. Show that for all z,y € E, we have | |z]| — |ly]|]| < ||z — y]l.
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Definition 126 Let (E,|| - ||) be a K-normed space, and d be the
metric defined by d(z,y) = ||z — y||. We call norm topology on E,
denoted 1., the topology on E associated with d.

Note that this definition is consistent with definition (82) of the norm
topology associated with an inner-product.

EXERCISE 3. Let F, F' be two K-normed spaces, and [ : F — F be a
linear map. Show that the following are equivalent:

(7) [ is continuous (w.r. to the norm topologies)
(i) [ is continuous at = = 0.
(vit) JK e R, Vz e E, |l(z)| < K|z|
(i) sup{[li(z)[|: z € E, [z =1} <400

Definition 127 Let E, F be K-normed spaces. The K-vector space
of all continuous linear maps [ : E — F is denoted Lx(E, F).
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EXERCISE 4. Show that Lk (F, F') is indeed a K-vector space.

EXERCISE 5. Let E,F be K-normed spaces. Given | € Lk (E,F),
let:

A
Ul = sup{[li(2)[| : z € £, ||z]| =1} < +oo
1. Show that:
Ul =sup{[l{(2)]| : z € £, ||z] <1}

I12]] :sup{( ﬁ rr ekl x;«éO}

. Show that |[I(x)]| < ||[I]|.||=]|, for all z € E.

2. Show that:

V]

. Show that ||I|| is the smallest K € R*, such that:
Ve e B, [[[(z)] < Kl|z|

5. Show that I — ||{|| is a norm on Lk (FE, F).
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6. Show that (L (E, F),| - |) is a K-normed space.

Definition 128 Let E, F be R-normed spaces and U be an open
subset of E. We say that a map ¢ : U — F is differentiable at
some a € U, if and only if there exists | € Lr(F, F) such that, for all
€ > 0, there exists 6 > 0, such that for all h € E:

[h]| <6 = a+heU and||¢(a+h)—¢la) —IU(R)]| < €[]l
EXERCISE 6. Let E, F be two R-normed spaces, and U be open in
E. Let ¢:U — F be amap and a € U.

1. Suppose that ¢ : U — F is differentiable at a € U, and that
li,ls € Lr(E,F) satisfy the requirement of definition (128).
Show that for all € > 0, there exists § > 0 such that:

Vhe B, [|h] <d = [[(h) = La(h)]| < el|h]
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2. Conclude that ||l — I2]| = 0 and finally that l; = Is.

Definition 129 Let E, F be R-normed spaces and U be an open
subset of E. Let ¢ : U — F be a map and a € U. If ¢ is differentiable
at a, we call differential of ¢ at a, the unique element of Lr(E, F),
denoted do(a), satisfying the requirement of definition (128). If ¢ is
differentiable at all points of U, the map d¢ : U — Lr(E,F) is also
called the differential of ¢.

Definition 130 Let E,F be R-normed spaces and U be an open
subset of E. A map ¢ : U — F is said to be of class C', if and only
if do(a) ezists for all a € U, and the differential d¢ : U — Lr(E, F)
1§ a continuous map.

EXERCISE 7. Let E, F be two R-normed spaces and U be open in E.
Let ¢ : U — F be a map, and a € U.

www.probability.net


http://www.probability.net

Tutorial 18: The Jacobian Formula 6

1. Show that ¢ differentiable at @ = ¢ continuous at a.

2. If ¢ is of class C!, explain with respect to which topologies the
differential d¢ : U — Lr(E, F) is said to be continuous.

3. Show that if ¢ is of class C', then ¢ is continuous.

4. Suppose that E = R. Show that for all a € U, ¢ is differentiable
at a € U, if and only if the derivative:

S 2 i ot =0

t#£0,t—0 t
exists in F, in which case d¢(a) € Lr (R, F) is given by:
vVt e R, do(a)(t) = t.¢'(a)
In particular, ¢'(a) = dé(a)(1).

EXERCISE 8. Let F, F,G be three R-normed spaces. Let U be open
in F and V beopenin F. Let ¢ : U — F and ¢ : V — G be two maps
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such that ¢(U) C V. We assume that ¢ is differentiable at a € U,
and we put:

L 2 dg(a) € Lr(E, F)
We assume that v is differentiable at ¢(a) € V', and we put:
A
l2 = dy(¢(a)) € Lr(F,G)
. Explain why ¢ o ¢ : U — G is a well-defined map.

[t

2. Given € > 0, show the existence of n > 0 such that:
n(n + 1Ll + [[l2]) <€

3. Show the existence of do > 0 such that for all hy € F with
lh2]] < 02, we have ¢(a) + he € V and:

[ (p(a) + ha) — b o ¢(a) — la(h2)|| < nllhall
4. Show that if hy € F and ||ha| < d2, then for all h € E, we have:
[1h(d(a) +ha) = od(a) —laoli(h)|| < nllhe|l+[|l2]|- |22 — L (h)]|
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5.

Show the existence of § > 0 such that for all h € E with ||h|| <4,
we have a+h € U and ||¢(a+h)—d(a)—11(h)|| < n||h||, together
with [[¢(a + 1) — ¢(a)]| < d2.

. Show that if h € E is such that ||h]| < 6, then a + h € U and:

190 ¢(ath) =4 0 p(a) =y o Ly ()| <nllp(ath)—p(a) [+nllL2]- [ 2]
<n(n+ il + 2D lIA]
<elln]

. Show that ls o l; € Lr(E,G)

. Conclude with the following:
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Theorem 110 Let E, F,G be three R-normed spaces, U be open in
E and V be open in F. Let ¢ : U — F and ¢ : V — G be two maps
such that p(U) C V. Let a € U. Then, if ¢ is differentiable at a € U,
and ¢ is differentiable at ¢(a) € V, then ¢ o ¢ is differentiable at
a € U, and furthermore:

d(y 0 ¢)(a) = dip(¢(a)) o dp(a)

EXERCISE 9. Let (Q',77) and (Q,7) be two topological spaces, and
A C P(2) be a set of subsets of Q generating the topology 7, i.e.
such that 7 = T (A) as defined in (55). Let f : Q" — Q be a map,
and define:

UE[ACQ : fLlA) eT)

1. Show that U is a topology on €.
2. Show that f: (Q',7") — (Q,7) is continuous, if and only if:
VAc A, f7Y{(A) eT
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EXERCISE 10. Let (€',7") be a topological space, and (;, T;)icr be
a family of topological spaces, indexed by a non-empty set I. Let )
be the Cartesian product Q = IL;c;Q; and 7 = ®;¢;7; be the product
topology on €. Let (f;)ier be a family of maps f; : ' — ; indexed
by I, and let f: Q" — Q be the map defined by f(w) = (fi(w))ier for
all w € . Let p; : © — €, be the canonical projection mapping.

1. Show that p; : (Q,7) — (Q4;,7;) is continuous for all i € I.

2. Show that f : (Q,7") — (Q,7) is continuous, if and only if
each coordinate mapping f; : (', 7") — (%, 7;) is continuous.

EXERCISE 11. Let E, F, G be three R-normed spaces. Let U be open
in £ and V be open in F'. Let ¢ : U — F and ¢ : V — G be two
maps of class C! such that ¢(U) C V.

1. For all (I1,12) € Lr(F,G) x Lr(E, F), we define:

M) 2 |l + ]
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No(l1,12)
Neo(l1,12)
Show that Ny, Na, N are all norms on Lr(F,G) x Lr(E, F).

15112 + (12212

> e

max(||11]], [|12]])

2. Show they induce the product topology on Lgr (F, G)x Ly (E, F).
3. We define the map H : Lr(F,G) x Lr(E, F) — Lr(E,G) by:
V(i1 1b) € Lr(F,G) x Lr(E,F) , H(l1,l2) 21101,
Show that ||H (I1,12)] < |[11]]-]]i2]], for all I, ls.
4. Show that H is continuous.
5. We define K : U — Lr(F,G) x Lr(E, F) by:
Va U, K(a) 2 (di(6(a)). db(a))

Show that K is continuous.
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6. Show that v o ¢ is differentiable on U.
7. Show that d(¢ o) = Ho K.

8. Conclude with the following:

Theorem 111 Let E, F,G be three R-normed spaces, U be open in
E and V be open in F. Let ¢ : U — F and v : V — G be two maps
of class C* such that ¢(U) C V. Then, 1o ¢ : U — G is of class C*.

EXERCISE 12. Let E be an R-normed space. Let a,b € R, a < b.
Let f: [a,b] = E and g : [a,b] — R be two continuous maps which
are differentiable at every point of |a, b[. We assume that:

vt €la, b, |f' (Bl < g'(t)
1. Given € > 0, we define ¢, : [a,b] — R by:

6e(t) S 1 £(t) = f(0)]l — g(t) + g(a) — e(t — a)
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for all ¢ € [a,b]. Show that ¢, is continuous.
2. Define E. = {t € [a,b] : ¢(t) < €}, and ¢ = sup F.. Show that:
¢ € [a,b] and ¢e(c) <€
3. Show the existence of h > 0, such that:
Vit € [a,a+ h[N[a,b] , ¢c(t) <e
4. Show that ¢ €]a, b].

5. Suppose that ¢ €]a, b[. Show the existence of tg €]c, b] such that:
‘ f(to) — f(c) g(to) — g(c)

to —c to—c
6. Show that || £(to) — F(0)]| < g(to) — g(c) + et — ).
7. Show that | f(c) — f(a)]| < g(c) — g(a) + el — a) +e.
8. Show that || f(to) — f(a)|| < glto) — g(a) + e(to — a) +«.

< If'(e)ll + €/2 and g'(c) < +e€/2
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9. Show that ¢ €]a, b] leads to a contradiction.

10. Show that ||f(b) — f(a)|| < g(b) — g(a) +e(b—a) +e.
11. Conclude with the following:

Theorem 112 Let E be an R-normed space. Let a,b € R, a < b.
Let f : [a,b] — E and g : [a,b] — R be two continuous maps which
are differentiable at every point of |a,b[, and such that:

vt €la, b, [LF/ (O] < g'(1)
Then:
1£(b) = fla)]l < g(b) — g(a)
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Definition 131 Letn > 1 and U be open in R™. Let ¢ : U — FE
be a map, where E is an R-normed space. For all i = 1,...,n, we
say that ¢ has an ith partial derivative at a € U, if and only if the

limit: 5 h
02 Hathe) o)
ox; h#0,h—0 h
exists in E, where (e1,...,e,) is the canonical basis of R™.

EXERCISE 13. Let n > 1 and U be open in R". Let ¢ : U — E be a
map, where F is an R-normed space.

1. Suppose ¢ is differentiable at a € U. Show that for all i € N,:

[6(a + hei) — d(a) — de(a)(hes)|| = O

lim
h##0,h—0 Hh il
2. Show that for all i € N,,, 2 b ( ) exists, and:

2
o (a) = dofa) )
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3. Conclude with the following:

Theorem 113 Letn > 1 and U be open in R". Let ¢ : U — E be
a map, where E is an R-normed space. Then, if ¢ is differentiable at
a€cU, foralli=1,...,n, g—i(a) exists and we have:

Vh 2 (hi,....hy) €R™, dé(a)(h) = 5 (i

EXERCISE 14. Let n > 1 and U be open in R™. Let ¢ : U — FE be a
map, where F is an R-normed space.

1. Show that if ¢ is differentiable at a,b € U, then for all i« € N,,:

% >” < 1dg(t) — do(a)|

H o0x;
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2. Conclude that if ¢ is of class C' on U, then g—i exists and is
continuous on U, for all i € N,,.

EXERCISE 15. Let n > 1 and U be open in R™. Let ¢ : U — FE be a
map, where E is an R-normed space. We assume that 3¢_ exists on

U, and is continuous at a € U, for all i € N,,. We define[: R" — E:

VhE (hy,... ha) R U2 a‘é (a)h;

1. Show that | € Lg(R™, E).

2. Given € > 0, show the existence of > 0 such that for all h € R"
with ||h]| <, we have a + h € U, and:

oo} 0¢
oz, (a+h)— oz, (a)H <e€

Vi=1,...,n,
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3. Let h = (h1,...,h,) € R™ be such that ||h]] < n. (e1,...,€en)
being the canonical basis of R”, we define ky = a and for i € N,;:

k; é a—+ Z hjej
j=1
Show that kg, ..., k, € U, and that we have:

olath)—o(a)—1(h)= ( Fior 4 haco)— (ki >hi§—z<a>)

4. Let i € N,,. Assume that h; > 0. We define f; : [0, h;] — E by:

9¢
ax,( a)

Show f; is well-defined, f/(t) exists for all ¢ € [0, h;], and:

0¢ 9 ()
ox; ox; “

Ve [0,h], fi(t) 2 d(ki1 +tes) — dlkiot) —t

vt e [0,hi] , fit) = (ki—1 +te;) —
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5. Show f; is continuous on [0, h;], differentiable on |0, h;[, with:
vVt €]0, bl , [IF @] < e
6. Show that:

‘QZ)(ki—l + hiei) — ¢(ki—1) — hy 0¢

89@

(a)

< e|hi]

7. Show that the previous inequality still holds if h; < 0.
8. Conclude that for all h € R"™ with ||h]] < n, we have:
[é(a+h) —¢(a) — I(R)|| < ev/n|h]|

9. Prove the following:

Theorem 114 Let n > 1 and U be open in R™. Let ¢ : U — E be
a map, where E is an R-normed space. If, for all i € N, g—i erists
on U and is continuous at a € U, then ¢ is differentiable at a € U.
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EXERCISE 16. Let n > 1 and U be open in R". Let ¢ : U — E be a
map, where E is an R-normed space. We assume that for all i € N,,,

09

é)wi
1

2

I

1(de(b) — do(a))(R)|| < (Z

. Show that for all a,b € U:

ldo(b) — do(a)]| < (

. Prove the following:

exists and is continuous on U.

n

i=1

n

D

i=1

. Show that ¢ is differentiable on U.

o¢
831‘1'

¢
a.’IJi

. Show that for all a,b € U and h € R":

(b)

(b)

5 o\ 1/2
22 (@) ) Il
1/2
26 . |I°
(@) )

. Show that d¢ : U — Lr(R"™, E) is continuous.
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Theorem 115 Letn > 1 and U be open in R". Let ¢ : U — E be
a map, where E is an R-normed space. Then, ¢ is of class C* on U,
if and only if for alli=1,...,n, §T¢ exists and is continuous on U.

EXERCISE 17. Let E, F be two R-normed spaces and | € Lr(E, F).
Let U be open in E and [y be the restriction of [ to U. Show that
liy is of class C' on U, and that we have:

VeeU, d(ljy)(z) =1

EXERCISE 18. Let Eq,...,E,, n > 1, be n K-normed spaces. Let
E=FE;x...xE,. Let p € [1,+00[, and for all z = (z1,...,2,) € E:

n 1/p
(z xinp)
=1

max |||
=1,...,n

2l

1|00
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1. Using theorem (43), show that ||.||, and ||.||cc are norms on E.
2. Show ||.||, and ||.||ec induce the product topology on E.

3. Conclude that F is also an K-normed space, and that the norm
topology on E is exactly the product topology on FE.

EXERCISE 19. Let E and F' be two R-normed spaces. Let U be open
in F and ¢,v : U — F be two maps. We assume that both ¢ and
1 are differentiable at a € U. Given a € R, show that ¢ + a1 is
differentiable at a € U and:

d(¢ + axp)(a) = do(a) + ady(a)
ExXERCISE 20. Let EF and F be K-normed spaces. Let U be open in

E and ¢ : U — F be a map. Let Ng and Ng be two norms on E and
F, inducing the same topologies as the norm topologies of £ and F
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respectively. For all | € Lk (E, F), we define:
N(l) =sup{Np(l(z)) : x € E,Ng(x) =1}

1. Explain why the set Lk (FE, F') is unambiguously defined.
2. Show that the identity idg : (E,|| - ||) — (E, Ng) is continuous
3. Show the existence of mg, Mg > 0 such that:

Ve € E, mgl|lz|]] < Ng(x) < Mg||z||
4. Show the existence of m, M > 0 such that:

Vi e Lx(E, F) , mll| < N(1) < MI|I]
5. Show that || - || and N induce the same topology on Lk (FE, F).

6. Show that if K = R and ¢ is differentiable at a € U, then ¢ is
also differentiable at a with respect to the norms Ng and Np,
and the differential d¢(a) is unchanged
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7. Show that if K = R and ¢ is of class C! on U, then ¢ is also of
class C' on U with respect to the norms Ny and Np.

EXERCISE 21. Let F and Fy,..., Fp,, p > 1, be p+1 R-normed spaces.
Let U be open in ' and F' = Fy x ... x F},. Let ¢ : U — F' be a map.
For all ¢ € N, we denote p; : F' — F; the canonical projection and
we define ¢; = p; o . We also consider u; : F; — F', defined as:

K2

~ =~

20,....770,...,0)

Vo, € Fy , wi(x;)
1. Given i € N, show that p; € Lr(F, F;).
2. Given i € N, show that u; € L (F;, F) and ¢ = >0 u; 0 ;.

3. Show that if ¢ is differentiable at a € U, then for all ¢ € N,
¢; : U — F; is differentiable at a € U and d¢;(a) = p; o dp(a).
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4. Show that if ¢; is differentiable at a € U for all ¢ € N, then ¢
is differentiable at a € U and:

a) = Z u; o do;(a)
i=1

5. Suppose that ¢ is differentiable at a,b € U. Let F be given the
norm || - [|2 of exercise (18). Show that for all ¢ € N:

[di(b) — dgi(a)|| < |[dp(b) — dé(a)||
6. Show that:

1/2
|dp(b) — do(a)|| < (Z [|dpi(b) — depi( )Il2>

7. Show that ¢ is of class C1 & ¢; is of class C? for all i € N,,.

8. Conclude with theorem (116)
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Theorem 116 Let E, Fy,...,F,, (p > 1), be p+1 R-normed spaces

and U be open in E. Let F' be the R-normed space F' = Fy X ... x F,

and ¢ = (¢1,...,¢p) : U — F be a map. Then, ¢ is differentiable at

a € U, if and only if dp;(a) exists for all i € N, in which case:
Vhe E , d¢(a)(h) = (dg1(a)(h), ..., ddp(a)(h))

Also, ¢ is of class Ct on U < ¢; is of class C* on U, for all i € N,,.

Theorem 117 Let ¢ = (¢1,...,¢n) : U — R™ be a map, where
n > 1 and U is open in R™. We assume that ¢ is differentiable at

a€U. Then, foralli,j=1,...,n, gi’? (a) exists, and we have:
el el
) ... 52(a)
do(a) = : :
Adn 9Pn
() ... 322(a)
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Moreover, ¢ is of class C* on U, if and only if for all i,5 =1,...,n,

Ods . . .
ai‘_ exists and is continuous on U.
J

EXERCISE 22. Prove theorem (117)

Definition 132 Let ¢ = (¢1,...,¢,) : U — R™ be a map, where
n > 1 and U is open in R™. We assume that ¢ is differentiable at
a € U. We call Jacobian of ¢ at a, denoted J(¢)(a), the determinant
of the differential dé(a) at a, i.e.

991 (q) 52 (a)
J(¢)(a) = det
52z (a) 52 (a)

Definition 133 Letn > 1 and Q, Q' be open in R™. A bijection
¢ :Q — Q is called a C*-diffeomorphism between Q and ', if and
only if ¢: QA — R™ and ¢~ : ' — R™ are both of class C*.
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EXERCISE 23. Let ©Q and € be open in R™ Let ¢ : Q — Q be a
C'-diffeomorphism, ) = ¢!, and I,, be the identity mapping of R".

1.
2.

3
4

. Show that J(¢

Explain why J(¢) : Q" — R and J(¢) : 2 — R are continuous.

Show that d¢(y(x)) o dip(z) = I, for all z € Q.
(x)

. Show that dy(é(z)) o dp(x) = I,,, for all x € Q.
. Show that J(¢)(x) # 0 for all z € Q.

)
Show that J(¢)(z) # 0 for all x € Q.
) =1/(J(¢) o¢p) and J(¢) = 1/(J() 0 ).
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Definition 134 Letn > 1 and Q2 € B(R™), be a Borel set in R™. We
define the Lebesgue measure on (2, denoted dx|q, as the restriction
to B(Q) of the Lebesque measure on R™, i.e the measure on (€2, B())
defined by:

VB € B(Q) , dro(B) 2 dx(B)

EXERCISE 24. Show that dx|q is a well-defined measure on (£2, B(2)).

EXERCISE 25. Let n > 1 and ©, Q' be open in R™. Let ¢: Q — Q'
be a C!-diffeomorphism and 1 = ¢~!. Let a € Q'. We assume that
dv(a) = I, (identity mapping on R™), and given ¢ > 0, we denote:

B(a,e) = {z €R": la— x| < ¢}
where ||.|| is the usual norm in R™.
1. Why are dx |/, ¢(dz)q) well-defined measures on (€', B(2')).
2. Show that for € > 0 sufficiently small, B(a,€) € B(Y).
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3. Show that it makes sense to investigate whether the limit:

¢(dxio)(B(a,€))
ell0 dx)o(B(a,€))

does exists in R.

4. Given r > 0, show the existence of ¢; > 0 such that for all
h € R™ with ||h|| < €1, we have a + h € ', and:

[¥(a+h) = (a) = Rl < Al

5. Show for all h € R™ with ||h[| < €1, we have a4+ h € ', and:
[¥(a+h) = @) < (1+r)|Al

6. Show that for all € €]0, €], we have B(a,¢) C ', and:
¥(B(a,€)) € B(y(a), e(1+7))

7. Show that de((a)) = I,.
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8. Show the existence of e; > 0 such that for all &k € R™ with
llk|| < €2, we have ¥(a) + k € Q, and:

[o(¥(a) + k) —a — k|| < r[|k]|
9. Show for all £ € R™ with ||k|| < e2, we have ¥ (a) + k € Q, and:
[¢(¥(a) +k) —al < (1 +7)|k|

10. Show for all € €]0, e2(1 + 7)[, we have B(¢(a), =) C , and:

B(y(a), 7=—) € {¢ € Bla,€)}

€
1+r

11. Show that if B(a,e) C ', then ¥)(B(a,¢€)) = {¢ € B(a,¢)}.
12. Show if 0 < € < €9 = €1 A ea(1 +7), then B(a,e) C €', and:

Bb(a), =) C{6 € Bla,9} € B(@). (1 +7))
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13. Show that for all € €]0, eo[:

32

@) de(B(a), ;7)) = (L+7)"dzg (Bla, )

(i) dx(B(lb() ( r)) = (1 +r)"dz o (B(a,

(444) dz({¢ € B(a,€)}) = ¢(dzq)(B(a,€))
14. Show that for all € €]0, o[, B(a,e) C ', and:

L Hldza) (B(a, )

) < o (B(@, )

<@nr

15. Conclude that:

- Bldoja) (Bla.)

=1
cll0 dxio/(Bla,e))

€))

EXERCISE 26. Let n > 1 and Q, Q' be open in R™. Let ¢ : Q2 — Q' be
a C'-diffeomorphism and ¢ = ¢~1. Let a € '. We put A = di)(a).
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1. Show that A : R™ — R" is a linear bijection.

2. Define Q" = A=1(Q). Show that this definition does not depend
on whether A=1(Q) is viewed as inverse , or direct image.

3. Show that €” is an open subset of R".

4. We define ¢ : Q" — Q' by ¢(z) = gi) o A x). Show that ¢ is a
C'-diffeomorphism with ¢ = ¢=1 = A7L 0 9.

5. Show that dip(a) = I,,

6. Show that: ~
Gl (Ba, )
cllo  dwjg(B(a,e))

7. Let € > 0 with B(a,€) C . Justify each of the following steps:
o(dxion)(Blaye)) = dzjon({d € Bla,e)})
dx({¢ € B(a,¢€)})
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= de({z € Q': ¢po A(x) € B(a,e)})
de({x € " : A(z) € ¢~ (B(a,¢))})
de({x € R": A(z) € ¢~ (B(a,€))})
A(dx)({¢ € Bla,€)})

|det A|" dx({¢ € B(a,€)})

— |det Al dai({6 € Bla,e)})

= | det A|7"¢(dz|0)(B(a, €))

8. Show that:
L Bldnio)(B(a,0)
im ———"

— |det A
10 daoy (B(a, €)) | det 4]

9. Conclude with the following:
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Theorem 118 Letn > 1 and Q, Q' be open in R™. Let ¢: Q —
be a C'-diffeomorphism and 1 = ¢~1. Then, for all a € ', we have:
. 9lds0)(Bla,9)
ell0 dx)o/(B(a,€))
where J(¢)(a) is the Jacobian of ¢ at a, B(a,¢€) is the open ball in R™,
and dx|q, dr|o are the Lebesgue measures on 2 and Q' respectively.

= [J(¥)(a)l

EXERCISE 27. Let n > 1 and ©, Q' be open in R™. Let ¢: Q — Q'
be a C!'-diffeomorphism and ) = ¢~ 1.

1. Let K C ' be a non-empty compact subset of £’ such that
dz)oy (K) = 0. Given € > 0, show the existence of V open in €',
such that K CV C Q', and dr)or (V) < e

2. Explain why V is also open in R™.

3. Show that M 2 supgex ||dv(z)| € RT.
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4. For all z € K, show there is €, > 0 such that B(z,¢,;) C V, and
for all h € R™ with ||h|| < 3e,, we have x + h € Q', and:

[¥(z +h) = ¢()]| < (M +1)[[A]]
5. Show that for all x € K, B(z,3¢,) C Q', and:
Y(B(z,3€x)) € B(¥(x), 3(M + 1)e)
6. Show that ¢(B(x,3e;)) = {¢ € B(x,3¢;)}, for all z € K.
7. Show the existence of {z1,...,2,} C K, (p > 1), such that:
K C B(x1,€2,)U...UB(xp,€p,)

8. Show the existence of S C {1,...,p} such that the B(z;,¢€,,)’s
are pairwise disjoint for ¢ € S, and:

K C U B(x;,3¢€s,)
€S
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9.
10.
11.
12.
13.
14.
15.

16.

17.

Show that {¢ € K} C UjesB(¥(x;),3(M + 1)ey,).
<D ies 3 (M + 1)"dx(B(xi, €z,))-
< 37(M + 1)"dz (V).

Show that ¢(dxz|q)(K
Show that ¢(dxzq)(K

Show that ¢(dxq)(K) < 3™(M +1)"e

)
)
) <
Conclude that ¢(dz|o)(K) =
Show that ¢(dz|q) is a locally finite measure on (€', B(€Y')).
Show that for all B € B(Q):

#(dz)o)(B) = sup{¢(dr)o)(K) : K € B, K compact }
Show that for all B € B(Q):

drjo(B) =0 = ¢(dx)o)(B) =0

Conclude with the following:
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Theorem 119 Letn > 1, Q, Q' be open in R™, and ¢ : Q@ —
be a C'-diffeomorphism. Then, the image measure o(dx)q), by ¢ of
the Lebesgue measure on 2, is absolutely continuous with respect to
dr|q, the Lebesgue measure on O, de.:

d)(dxm) << dxml
EXERCISE 28. Let n > 1 and Q, Q' be open in R". Let ¢ : Q —
be a C'-diffeomorphism and 1 = ¢~ 1.

1. Explain why there exists a sequence (V},),>1 of open sets in €',
such that V,, T Q" and for all p > 1, the closure of V}, in €', i.e.

Vle, is compact.
2. Show that each V, is also open in R”, and that V¥ =V,

3. Show that ¢(dz|q)(V,) < +oo, for all p > 1.
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4. Show that dz|o and ¢(dz|q) are two o-finite measures on €.

5. Show there is h : (', B(Q)) — (R*, B(R")) measurable, with:
VB e B(Y), ¢(dxq)(B) :/ hdz| o
B
6. For all p > 1, we define hy, = hly,, and we put:

n oz af hy(x) if xze
VreR ,hp(x):{op() i o Q

Show that:

hydx = / hpdzor = (dz)0) (V) < +00
Rn Q/

and conclude that h, € L (R™, B(R™), dz).

7. Show the existence of some N € B(R™), such that de(N) =0
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and for all z € N¢ and p > 1, we have:

- 1 7
p(®) 61% dx(B(z,€)) /B(x,E) v
8. Put N’ = N N Q. Show that N’ € B(®') and dxo/(N') = 0.

9. Let z € Q' and p > 1 be such that z € Vp. Show that if e > 0 is
such that B(z,e) CV,, then dv(B(z,¢€)) = drjo (B(x,¢)), and:

/ ind$=/ 1B($’€)ﬁpd$=/ lB(w,e)hpdl‘m/
B(m,e) n Q/

10. Show that:
/ 18(a,e)hpdr|cy =/ 13(z,0)hdz)0 = ¢(d)0)(B(z,€))
Q/ Q/

11. Show that for all z € Q' \ N’, we have:

.. 9ldzi0)(B(z,€))
M) = i e (B, o)
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12. Show that h = [J(¢)| dz|o-a.s. and conclude with the following:

Theorem 120 Letn > 1 and Q, Q' be open in R™. Let ¢: Q —
be a C'-diffeomorphism and 1) = ¢~'. Then, the image measure by ¢
of the Lebesgue measure on Q, is equal to the measure on (', B(Q))
with density |J ()| with respect to the Lebesgue measure on ', i.e.:

o(di) = / 1T() gy

EXERCISE 29. Prove the following:
Theorem 121 (Jacobian Formula 1) Letn > 1 and ¢ : Q —

be a C'-diffeomorphism where 1, ' are open in R". Let ¢ = ¢~ 1.
Then, for all f: (', B(Q)) — [0, +oc] non-negative and measurable:

/ fodbdrg = / F1T () e
Q Q
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and:

[rooli@dng = | rina

EXERCISE 30. Prove the following:

Theorem 122 (Jacobian Formula 2) Letn > 1 and ¢ : Q — @
be a C'-diffeomorphism where Q, ' are open in R™. Let ¢ = ¢~ L.
Then, for all measurable map f : (Q',B(Q)) — (C,B(C)), we have
the equivalence:

fog e LE(Q,B(Q),dx)q) & flJ(¥) € Le(Q,B(Y), dxo)
i which case:
[ resdng= [ sl
Q Q
and, furthermore:

(fod)l7(9)] € Le(Q, B(Q),dwia) < f € Lo(, BY), drjar)
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i which case:

[ rooli@dng = | rina

EXERCISE 31. Let f:R?—[0, +00], with f(z,y) = exp(—(2? +y?)/2).

1. Show that:
+00 2 2
/ fx,y)daedy = </ e ﬂdu)
R? —o0
2. Define:
Ay = {(z,y) €R?*: >0, y>0}
Ay 2 {(my)eR2: 2<0, y>0}

and let Az and A4 be the other two open quarters of R%. Show:

/ f(z, y)dedy = / f(z,y)dedy
R2 A

1U.LUAY
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3. Let Q : R? — R? be defined by Q(z,y) = (—z,y). Show that:

f(z,y)dady = [ foQ “(z,y)dady
A1 Ay

4. Show that:

flz,y)dedy =4 | f(z,y)dzdy
R2 Al

5. Let Dy =]0, +0o[x]0,7/2[C R?, and define ¢ : D; — A; by:
Y(r,0) € D1, ¢(r,0) = (rcos,rsind)
Show that ¢ is a bijection and that ¢ = ¢~ is given by:
V(z,y) € A1, Y(z,y) = (Va2 +y?, arctan(y/z))
6. Show that ¢ is a C'-diffeomorphism, with:

cos) —rsinf
sinf  rcosf

V(r,0) € Dy , dé(r,0) = (
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and:

z y
V({l?,y) S A1 5 d’l/J(.’IJ,y) = ( \/r_z?-}-zﬂ \/zi+y2 >

27 4y? 22 4y?
7. Show that J(¢)(r,0) =r, for all (r,0) € D;.

8. Show that J(¢)(z,y) = 1/(\/ 2% + y?), for all (x,y) € A;.
9. Show that:

f(@,y)dady = =
Ay

no|

10. Prove the following;:

Theorem 123 We have:

L7 g,
— e u =
V2T J—so
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