Tutorial 3: Stieltjes-Lebesgue Measure 1

3. Stieltjes-Lebesgue Measure

Definition 12 Let A C P(Q) and p : A — [0,400] be a map. We
say that p is finitely additive if and only if, given n > 1:
Ac A A e AA=HA = pAd) =) uA)
i=1 i=1

We say that p is finitely sub-additive if and only if, given n > 1 :

AcA A e ALACJA = u(A) <Y w4
=1 =1

EXERCISE 1. Let § 2 {Ja,b] , a,b € R} be the set of all intervals
la, b], defined as ]a,b] = {z € R,a < z < b}.

1. Show that |a,bN]c,d] =]a V ¢,b A d]
2. Show that Ja, b]\]e,d] =]a,b A c]U]a V d, b]
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3. Show that c<d = bAc<aVd.

4. Show that S is a semi-ring on R.

EXERCISE 2. Suppose S is a semi-ring in  and g : S — [0, +00] is
finitely additive. Show that p can be extended to a finitely additive
map /i : R(S) — [0, +o0], with fijs = p.

EXERCISE 3. Everything being as before, Let A € R(S), 4; € R(S),
ACU! A, wheren > 1. Define By = AjNAandfori=1,...,n—1:

Bit1 2 (A NA)\ (A1 NA)U...U (A N A))

1. Show that Bj,..., B, are pairwise disjoint elements of R(S)
such that A = wj_ | B;.

2. Show that for all i = 1,...,n, we have i(B;) < i(4;).

3. Show that [ is finitely sub-additive.
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4. Show that p is finitely sub-additive.

EXERCISE 4. Let F' : R — R be a right-continuous, non-decreasing
map. Let S be the semi-ring on R, § = {]a,b] , a,b € R}. Define the
map p: S — [0, +oc] by p(0) =0, and:

Va <b, p(la.b]) = F(b) — F(a) (1)

Let a <band a; <b; fori=1,...,nand n > 1, with :

n

}av b] = L"j}aiv bi]

i=1
1. Show that there is i1 € {1,...,n} such that a;, = a.
2. Show that }bil,b] = Lﬂié{l,...,n}\{il}]aiv bi}

3. Show the existence of a permutation (iy,...,4,) of {1,...,n}
suchthata:ail <bl‘1 =, < ... <bi71 =b.
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4. Show that p is finitely additive and finitely sub-additive.

EXERCISE 5. p being defined as before, suppose a < b and a, < b,

for n > 1 with:
+oo

la,b] = L—ﬂ}an,bn]
Given N > 1, let (i1,...,in) be ;?ermutation of {1,..., N} with:
a<a;, <b, <aj, <...<b,y <b
1. Show that S5, F(bi,) — F(as,) < F(b) — F(a).
2. Show that Y- ji(lan, b)) < pu(la, b])
3. Given € > 0, show that there is 7 €]0,b — a[ such that:
0<F(a+n)—F(a) <e
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4. For n > 1, show that there is 1, > 0 such that:

0. < Flby+1) = F(bu) < o

5. Show that [a +n,b] C U ]an, by + 1.
6. Explain why there exist p > 1 and integers n, ..., n, such that:
}a + 1, b} - Ui:l]ank s by, + nnk}

7. Show that F(b) — F(a) < 2¢ 4+ 31> F(b,) — F(ay)

8. Show that g : & — [0, 4+00] is a measure.
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Definition 13 A topology on Q is a subset 7 of the power set
P(Q), with the following properties:
(i) Q00eT
(19) A BeT = AnNBeT
(i) A eTViel = | JAieT
iel

Property (iii) of definition (13) can be translated as: for any family
(4;)ier of elements of T, the union U;erA; is still an element of T.
Hence, a topology on 2, is a set of subsets of {2 containing €2 and

the empty set, which is closed under finite intersection and arbitrary
union.

Definition 14 A topological space is an ordered pair (Q,T), where
Q is a set and T is a topology on €.
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Definition 15 Let (2, 7) be a topological space. We say that A C
is an open set in €, if and only if it is an element of the topology T .
We say that A C § is a closed set in €, if and only if its complement
AC is an open set in €.

Definition 16 Let (Q,7) be a topological space. We define the
Borel o-algebra on Q, denoted B(SY), as the o-algebra on ), gener-
ated by the topology T . In other words, B(Q2) = o(T)

Definition 17 We define the usual topology on R, denoted Tr,
as the set of all U C R such that:

VeeU, 3e>0, Jx—eax+eCU

EXERCISE 6.Show that 7g is indeed a topology on R.

EXERCISE 7. Consider the semi-ring S 2 {Ja,b] , a,b € R}. Let T
be the usual topology on R, and B(R) be the Borel o-algebra on R.

1. Let a < b. Show that Ja,b] = N, >]a, b+ 1/n].
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2. Show that o(S) C B(R).

3. Let U be an open subset of R. Show that for all z € U, there
exist ag, by € Q such that x €]a,, b,] CU.

4. Show that U = Uzev|ag, by).
5. Show that the set I 2 {laz,bz] , x € U} is countable.
6. Show that U can be written U = U;c;A; with A; € S.

7. Show that o(S) = B(R).

Theorem 6 Let S be the semi-ring S = {]a,b], a,b € R}. Then,
the Borel o-algebra B(R) on R, is generated by S, i.e. B(R) = o(S).

Definition 18 A measurable space is an ordered pair (Q, F) where
Q is a set and F is a o-algebra on ).
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Definition 19 A measure space is a triple (Q, F, ) where (Q,F)
is a measurable space and p: F — [0, +00] is a measure on F.

EXERCISE 8.Let (2, F, ) be a measure space. Let (A,)p,>1 be a
sequence of elements of F such that A,, C A, for alln > 1, and let
A = Ul A, (we write A, T A). Define B; = A; and for all n > 1,
Bn+1 - An+1 \An

1. Show that (B,,) is a sequence of pairwise disjoint elements of F
such that A = W™ B,,.

2. Given N > 1 show that Ay =W | B,,.
3. Show that u(An) — u(A) as N — +oo
4. Show that pu(A4,) < p(Ap41) for all n > 1.
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Theorem 7 Let (0, F, u) be a measure space. Then if (Ap)n>1 15 a
sequence of elements of F, such that A, T A, we have u(A,) T p(A)L.

EXERCISE 9.Let (Q,F, ) be a measure space. Let (A,)p,>1 be a
sequence of elements of F such that 4,11 C A, for alln > 1, and let
A=nNA, (we write A, | A). We assume that p(A;) < +oo.

1. Define B, 2 A; \ A, and show that B, € F, B, 1 A; \ A.
(Ba) 1 (A1 \ A)

. Show that u(A,) = p(A1) — (A1 \ An)

. Show that u(A) = p(41) — u(A; \ 4)

2. Show that u
3
4
5. Why is p(A1) < +oo important in deriving those equalities.
6. Show that p(A,) — pu(A) as n — 400

1;

i.e. the sequence (x(An))n>1 is non-decreasing and converges to p(A).
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7. Show that p(A,+1) < p(Ay,) for all n > 1.

Theorem 8 Let (Q,F, ) be a measure space. Then if (An)n>1 is
a sequence of elements of F, such that A, | A and (A1) < 400, we

have (i(An) | p(A).

EXERCISE 10.Take Q@ = R and F = B(R). Suppose p is a measure
on B(R) such that pu(]a,b]) = b — a, for a < b. Take A,, =]n, +ool.

1. Show that A, | 0.
2. Show that pu(A,) = 400, for all n > 1.
3. Conclude that u(A,) | p(0) fails to be true.

EXERCISE 11. Let F : R — R be a right-continuous, non-decreasing
map. Show the existence of a measure p : B(R) — [0, +00] such that:

Va,be R, a<b, p(la,b]) = F(b) — F(a) (2)
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EXERCISE 12.Let p1, ua be two measures on B(R) with property (2).
For n > 1, we define:

A
D, ={B € B(R), m(BN] =n,n|) = pa(BN] —n,n])}
1. Show that D,, is a Dynkin system on R.

2. Explain why (] —n,n]) < 400 and po(] — n,n|) < +oo is
needed when proving 1.

3. Show that S £ {]a,b] , a,b € R} C D,,.
4. Show that B(R) C D,,.
5. Show that 1 = ps.

6. Prove the following theorem.
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Theorem 9 Let F': R — R be a right-continuous, non-decreasing

map. There exists a unique measure i : B(R) — [0, +00] such that:
VabeR, a<b, ula,b)) = F(b) - F(a)

Definition 20 Let F': R — R be a right-continuous, non-decreasing
map. We call Stieltjes measure on R associated with F', the unique
measure on B(R), denoted dF, such that:

Va,be R, a<b, dF(Ja,b)) = F(b) — F(a)

Definition 21 We call Lebesgue measure on R, the unique mea-
sure on B(R), denoted dx, such that:

Va,be R, a <b, dz(la,b]) =b—a
EXERCISE 13. Let F : R — R be a right-continuous, non-decreasing
map. Let zg € R.
1. Show that the limit F(zo—) = limycyy 0—ao F(z) exists and is

an element of R.
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2. Show that {z¢} = N ]z0 — 1/n, z0).
3. Show that {zo} € B(R)
4. Show that dF({zo}) = F(x¢) — F(xo—)

EXERCISE 14.Let F' : R — R be a right-continuous, non-decreasing
map. Let a <b.

1. Show that Ja,b] € B(R) and dF(Ja,b]) = F(b) — F(a)
2. Show that [a,b] € B(R) and dF([a,b]) = F(b) — F(a—)
3. Show that Ja,b[€ B(R) and dF(Ja,b]) = F(b—) — F(a)
4. Show that [a,b[€ B(R) and dF([a,b]) = F(b—) — F(a—)
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EXERCISE 15. Let A be a subset of the power set P(£2). Let Q' C Q.
Define: A
A‘Q/ = {AOQ/ , A€ .A}

1. Show that if A is a topology on €, Ao/ is a topology on €.

2. Show that if A is a o-algebra on Q, Ao is a o-algebra on €.

Definition 22 Let Q be a set, and O C Q. Let A be a subset of
the power set P(Q). We call trace of A on Q', the subset Ajqar of the
power set P(QY) defined by:

A S{ANQ A e A}
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Definition 23 Let (Q2,7) be a topological space and Q' C Q. We call
induced topology on ', denoted Tiqv, the topology on Q' defined

by:
T 2{ANQ, AcT)}
In other words, the induced topology 1jq: is the trace of T on .

EXERCISE 16.Let A be a subset of the power set P(Q). Let Q' C Q,
and Ao/ be the trace of A on QY. Define:

T2 {Aca(A), ANQ €o(Ag)}
where o (A|q) refers to the o-algebra generated by Ajos on €.

—

. Explain why the notation o(Ajq/) by itself is ambiguous.
2. Show that A CT.

3. Show that I' is a o-algebra on Q.

4. Show that o(Ajq/) = (A)or
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Theorem 10 Let Q' C Q and A be a subset of the power set P(£2).
Then, the trace on Q' of the o-algebra o(A) generated by A, is equal
to the o-algebra on ) generated by the trace of A on . In other
words, o(A)jor = o(Ajar)-

EXERCISE 17.Let (€2, 7) be a topological space and ' C Q with its
induced topology 7|q.

1. Show that B(Q)or = B(2').

2. Show that if Q' € B(Q) then B(QY') C B(Q).

3. Show that B(RT) ={ANR*, A€ BR)}.

4. Show that B(R') C B(R).

EXERCISE 18.Let (Q, F, 1) be a measure space and ' C
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1. Show that (€', Fjo/) is a measurable space.
2. If Q' € F, show that Fjoy C F.

3. If O € F, show that (Q’,]-]Q/,MQ/) is a measure space, where
pior is defined as g = H(F o)

EXERCISE 19. Let I : RT — R be a right-continuous, non-decreasing
map with F'(0) > 0. Define:

_ A0 if <0
F(x)_{F(x) it >0

1. Show that F': R — R is right-continuous and non-decreasing.

2. Show that p : B(RT) — [0, 4+00] defined by u = dF‘B(Rﬂ, is a
measure on B(R™) with the properties:

@) p({0}) = F(0)
(44) VO <a<b, u(a,b]) = F(b)— F(a)
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EXERCISE 20. Define: C = {{0}} U {]a,b] , 0 <a <b}
1. Show that C C B(R™)
2. Let U be open in RT. Show that U is of the form:

U= U Nai, b;]

i€l

where [ is a countable set and a;, b; € R with a; < b;.
3. For all i € I, show that R*N]a;, b;] € o(C).
4. Show that o(C) = B(R™)

EXERCISE 21.Let p; and pg be two measures on B(R™) with:

@) m({0}) = p({0}) = F(0)
(1) pa(la,b]) = pa(la, b)) = F(b) — F(a)
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for all 0 < a <b. For n > 1, we define:
D, ={BeBR"), m(BN[0,n]) = pu2(BN[0,n])}

1. Show that D,, is a Dynkin system on R™ with C C D,,, where
the set C is defined as in exercise (20).

2. Explain why 1 ([0,n]) < 400 and p2([0,n]) < 400 is important
when proving 1.

3. Show that M1 = H2.

4. Prove the following theorem.

Theorem 11 Let F : RT— R be a right-continuous, non-decreasing
map with F(0) > 0. There exists a unique p : B(RT) — [0, +0o0]
measure on B(R™) such that:

(1) p({0})=F(0)

(i)  Y0O<a<b, pab])=F(b) - F(a)
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Definition 24 Let F : R™—R be a right-continuous, non-decreasing
map with F(0) > 0. We call Stieltjes measure on RT associated
with F, the unique measure on B(R™), denoted dF, such that:

() dF({0}) = F'(0)
(i) VY0<a<b, dF(a,b]) = F(b) — F(a)
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Solutions to Exercises

Exercise 1.

1. x €]a,b]N]c, d] is equivalent to @ < z < b and ¢ < x < d. This is
in turn equivalent to:
A . A
aVc¢=max(a,c) <z <min(b,d) =bAd
We have proved that:
la,b]Ne,d] =la V ¢,b A d]
2. Suppose z €la,b]\]c,d]. Then, either < ¢ or d < z. In the
first case, x €]a,b A ¢|. In the second, z €]a V d, b]. Conversely,
if z €]a,bAc]UlaVd,b], then a < z < b is true. Moreover, z < ¢

or d < z. In any case, x €]c,d]. So z €]a,b]\|c,d]. We have
proved that:

la,b]\]e, d] =]a,b A c]Ula V d, b]
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3. If ¢ < d, then in particular:
bAhc<c<d<aVd
4. S is a set of subsets of R which obviously contains the empty
set. From 1., it is also closed under finite intersection. Let ]a, b]
and ]c,d] be two elements of S. If ¢ > d, then |c,d] = 0 and

we have ]a, b]\]c, d] =]a,b]. If ¢ < d, then it follows from 3. that
bAc<aVd We conclude from 2. that:

la,b]\]e, d] =]a,b A c]W]a V d, b]

In any case, |a, b]\]c, d] can be written as a finite union of pair-
wise disjoint elements of S. We have proved that S is indeed a
semi-ring on R, as defined in definition (6).

Exercise 1
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Exercise 2. The solution to this exercise is very similar to the proof
of theorem (2) : a measure defined on a semi-ring can be extended
to a measure defined on the ring generated by this semi-ring. In this
case, we are dealing with a finitely additive map which is not exactly
a measure, but the techniques involved are almost the same. We know
from the previous tutorial that the ring R(S) generated by the semi-
ring S, is the set of all finite unions of pairwise disjoint elements of
S. Tt is tempting to define fi : R(S) — [0, 4+00], by:

VA=A €R(S) L u(A) S (A (3)

However, such definition may not be valid, unless the sum involved
in equation (3), is independent of the particular representation of
A € R(S) as a finite union of pairwise disjoint elements of S. Suppose
that A = L+J§:1Bj is another such representation of A. Then, for all
i=1,...,n, we have:

Ai=A,NA= L+J§’:1Ai N B,
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Since each A; N B; is an element of S, and p is finitely additive, for
allt=1,...,n, we have:

(Ai) = ZM(Ai NBj)

and similarly for all j =1,...,p:
1(Bj) = (AN B;)
i=1
from which we conclude that:
n p
> A Z Z w(A;i N By) =Y (B
i=1 j=1

i=1 j=1

It follows that the map [ as defined by equation (3), is perfectly
well defined. Let Aq,..., A, be n pairwise disjoint elements of R(S),
n > 1, each A; having the representation:

A= AY L i=1,...n
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as a finite union of pairwise disjoint elements of S. Suppose moreover
that A = W} ; A; (which is an element of R(S) since a ring is closed
under finite union). Then A has a representation:

A= a

i=1k=1

where the A¥’s are pairwise disjoint. From the very definition of ji:

A(A) = 303 (Al

i=1 k=1

and furthermore for all i =1,...,n:
Pi
A(A) = 3 (Al
k=1

So we conclude that:

(A) = 3 (A
=1
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We have proved that i : R(S) — [0, +00] is a finitely additive map.
Finally, if A € S, taking n = 1 and 4y = A, A = W} A, is a
representation of A as a finite union of pairwise disjoint elements of
S. By definition of g, g(A) = Y1, u(A;) = u(A). Hence, we see
that jijs = p. We have proved the existence of a finitely additive map
i R(S) — [0, +o0], such that fijs = p.

Exercise 2
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Exercise 3.

1.

2.

A ring being closed under finite union, intersection and differ-
ence, each B; is an element of R(S). Suppose B; N B; # ()
for some 7,5 = 1,...,n. Without loss of generality we can as-
sume that ¢ < j. Suppose that ¢ < j and let x € B; N Bj.
From = € B; we have v € A; N A. From x € Bj, we have
& (AiNA)U...U(A4;_1NA). In particular x ¢ A;NA. This is
a contradlctlon and it follows that ¢ = j. The B;’s are therefore
pairwise disjoint. For all = 1,...,n we have B; C A;,NA C A.
hence W}, B; C A. Conversely, suppose x € A C Ul A,.
There exists ¢ € {1,...,n} such that z € A;. Let 7 be the small-
est of such integer. Ifz’ =1,thenx € AiNA=DB;. Ifi>1,
then x € A; N Aand x ¢ AjNAforall j <i. Sox e B,
In any case, x € B;. It follows that A C W ;B;. We have
proved that By,..., B, are pairwise disjoint elements of R(S)
with A = Wi, B;.

i R(S) — [0,+00] being defined as in exercise (2), it is a
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finitely additive map. We have B; C A, N A C A;, for all
i =1,...,n. It follows that A; = B; W (A; \ B;), from which we
conclude that :

(Ai) = i(Bi) + (A \ Bi) > i(B;)

3. From A =W} | B; and [ being finitely additive, we have:

Using 2., we obtain:

This is true for all A € R(S) and A4,..., A, in R(S) such that
A C U A;. Tt follows from definition (12) that g is indeed a
finitely sub-additive map.
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4. Suppose A € S and Ay,..., A, €S8, (n>1), with A C U, A;.
Since fijs = j, and fi is finitely sub-additive (from 3.), we have:

It follows from definition (12) that u is indeed finitely sub-
additive. The purpose of this exercise is to show that any finitely
additive map defined on a semi-ring S, is in fact also finitely
sub-additive. Note that proving that f is finitely sub-additive
is pretty straightforward. This is because fi is defined on a ring,
which is closed under various finite operations (union, intersec-
tion, difference). However, u being defined on a semi-ring only,
it is impossible to apply the same line of argument as the one
used for . It is in fact necessary for us to initially extend p
from S to R(S), then prove the finite sub-additivity on R(S),
and conclude with the finite sub-additivity of © on S.

Exercise 3
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Exercise 4.

1. Take iy such that a;; = min(ay,...,ay). From Ja;,,b;] Cla,b]
and a;; < b;,, we see that a < a;; < b;; < b. Suppose that
a < a;,, and let = be such that @ < z < a;; <b. Since z €]a, b],
there is j € {1,...,n} such that = €]a;, b;]. By definition of i1,
we have a;;, < a; < . This is a contradiction, and it follows
that a;, = a. We have proved the existence of i; € {1,...,n}
such that a;, = a.

2. Suppose = €la;, b;] for some i € {1,...,n}, i # i;. Since
lai,bi] Cla,b], x €la,b] and z < b. Also, a < a;. From 1.,
a;, = a. It follows that a;, < a; < x. However, the |a;, b;]’s be-
ing pairwise disjoint and i # i1, © €]a;, , b;,]. Therefore = > b;,.
We have proved that z €]b;,,b] and consequently:

H_J ]aivbi} g]bhvb]
i=1,i%0
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Conversely, let z €]b;,,b] Cla,b]. There exists i € {1,...,n}
such that @ €]a;, b;]. If i = iy, then x €]a;,, b;,| which contra-
dicts b;, < x. It follows that i # i1 and:

]b“?b} - H‘J ]aivbi}

i=1,i#i,

3. Using 1. and 2., starting from:

n

]a’ b] = H‘J}aiv bi]

i=1
we have i1 € {1,...,n} such that a = a;, <b;, and:

n

]bi17b} = L"j ]ai,bi}

i=1,i#i,

Going one step further, there exists io € {1,...,n}\ {i1} such
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that b;, = a;, < b;, and:

n
Jbiy, b] = L"j Jai, b
i=1,ii,is
By induction, we define 45 ..., 1, distinct integers in {1,...,n},
(hence a permutation on {1,...,n}), such that:

a=ai1<bi1=ai2<...<bin

and |b;,,b] = 0. Since Ja;,,b;,] Cla,b] and a;, < b;,, we have
b;, <b. From |b;, ,b] = 0, we conclude that b;, =b.

4. Let (i1,...,1,) be a permutation of {1,...,n}, such that:
a=aiy <b, =a;,<...<b, =b
We have: .
F(b) — F(a) =Y _ F(b;,) — Fla;,)
k=1
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from which we see that:

plla, b)) = pllas, bi)) = > pllas, b))
k=1 i=1
This is true for all a < b, n > 1 and a; < b; for i = 1,...,n,
such that: .
Ja, 8] = Has, bi]
i=1

Suppose A € S, n>1and A;,..., A, € S, with A =W | A;.
If A =, then for all ¢ = 1,...,n, we have A; = (). In par-
ticular, p(A) = Y1, p(A;) is obviously satisfied. If A # 0,
then A is of the form A =|a,b] for some a < b in R. If we
consider J = {i = 1,...,n,A; # (0}, then J # (), and for all
i € J, A; is of the form A; =]a;,b;] with a; < b;. Moreover,
A = W;csA; and it follows from our previous developments that
u(A) =3 ,c; m(Ai). However, for alli =1,...,n,if i ¢ J, then
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A; =0 and p(A;) = 0. Consequently:

p(A) = p(A) + ) u(A) =Y p(Ay)

icJ igJ i=1

We have proved that p : & — [0, 4+00] as defined by (1) is finitely
additive. From exercise (3), it is also finitely sub-additive.

Exercise 4
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Exercise 5.

1. The sum Zszl F(b;,) — F(ai,) can be written as:

N-1
F(b“\, a"Ll + Z F - alk+1)
k=1

F being non-decreasing, with b;, < b and a < a;,, we have
F(b;y) < F(b) and F(a) < F(a;,). Moreover, since b;, < aj,,,
forall k =1,...,N — 1, we have F'(b;,) < F(a,,,). It follows
that:

N
S F(bi,) — Plai,) < F(b) — Fla)
k=1
2. Let N > 1, and (iy,...,iy) be a permutation of {1,..., N}
such that a;; < a;, < ... < a;y. Since Jai, b;,| Cla,b] (and
the fact that a;, < b;,), we have a < a;, < b;;. We also have
]aiN,biN} Q]a,b] with Qi < biN- Hence, Ay < biN < b. Let
ke {1,...,N — 1}. Since the ]a,,b,]’s are pairwise disjoint,
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in particular, la,, , b, ]N]ai, ., bi,,,] = 0. Let € > 0 be such
that a;, ., + € €]ai,,, b, ,]. Then a;, < ag,, < a,, +¢€ and
a;, ., +€ cannot be an element of Ja,, , b;, ]. Hence, b;, < a;, ., +e.
Taking the limit as € — 0, we have b;, < ay,_,. It follows that
the permutation (iy,...,iy) of {1,..., N} is such that:

a§ai1<bi1§ai2<...<bm§b

From 1., we obtain:

N
> F(by) — Flai,) < F(b) — F(a)
k=1

and consequently:

N N
S ulan,bal) = S pllas b)) < plab) (@)
n=1

k=1

Taking the supremum over all N > 1 (or the limit as N — +00)
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in the left-hand side of (4), we obtain:
“+o00
> illan, ba]) < p(la, b))
n=1

3. F being right-continuous, it is right-continuous in a € R. Given
€ > 0, there exists ’ > 0 such that:

Vo € [a,a+1n| , |F(z)—F(a) <e

Take n = min(b — a,7n’)/2. Then n €]0,b — a[, and we have
a+mn € [a,a+n'[. Therefore, |[F(a+n)— F(a)| <€, and F being
non-decreasing, we finally have:

0<F(a+n)—F(a)<e

4. Given n > 1, F is right-continuous in b,, € R. Given ¢ > 0 and
€/ = ¢/2", there exists 1], > 0 such that:

Va € [bp,bn + 15[ . |F(z) = F(by)| < ¢
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Take n, = n,,/2. Then b, + 0, € [bn, by + 7,[, and we have

|E(by, 4+ 1nn) — F(by)| < €/2™. F being non-decreasing, we finally

have: .

5. Let € [a+n,b]. Then = €]a,b], and there exists n > 1 such
that x €]ay, b,]. In particular, z €la,, b, + [ It follows that:

“+o00
[a+n,0] € | J)an, bn + 1n] (5)

n=1

6. We see from (5) that the closed interval [a+m, b] of R, is covered
by the family of open sets (Jay, by, +1n[)n>1 in R. Since [a+1n, b]
is a compact subset of R?, we can extract a finite sub-covering

2Note that the notion of compact subsets and the fact that any closed interval
[a,b] in R is indeed a compact subset of R, has not been approached so far in these
tutorials. This seems to contradict our promise that no results in these tutorials
should be used without proof. In fact, Tutorial 8 will give you ample reminders
on compactness. Just be a little patient.
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of [a + n,b]. In other words, there exist p > 1, and integers

ni,...,Np such that:
P
la+mn,0] C U}anmbnk + 1y [
k=1
In particular:
P
a +n,b U Any, s bny, + 77”1@} (6)

7. From exercise (4), we know that p as defined in (1), is finitely
sub-additive. It follows from (6):

ﬂ(]a+777b} ﬂ(]ankvbnk +77nk]) (7)

IA
g

Since a+n < band a,, < b, < b,+n, for alln > 1, inequality (7)
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can be written as:

bS]

F(b) - Fla+n) < (bry + Mny,) —

Using 3. and 4., we obtain:

41

F(b) = F(a) < e+ Y (F(by,) — Flan,) + ng)
k=1

and since F' is non-decreasing, we finally have:

F(b)—F(a)S?e—i—fF(b

8. Taking the limit as e — 0 in (8), we obtain:

+oo
a) <Y F(b
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Since a < b and a,, < b, for all n > 1, we have:
+oo
1(Ja, b]) < ZN(}anvan
n=1
From 2., we conclude that:
+o0
p(la,b]) = p(lan, ba]) (9)
n=1

It follows that if A € S and (A4,).>1 is a sequence of pairwise
disjoint elements of S, such that A = &> A,,, we have:

+oo
p(A) = u(Ay) (10)
n=1

Indeed, if A =0, then all A,’s are empty and (10) is obviously
satisfied. If A # (), then A =]a,b] for some a < b. Moreover,
if we define J = {n > 1, A, # 0}, then A = W,c;A,, and the
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following holds,

u(4) = 3 u(An) (1)

neJ

either as a consequence of (9), in the case when J is infinite, or
as a consequence of p being finitely additive (exercise (4)), in
the case when J is finite. In any case, (10) follows immediately
from (11) and the fact that p(0) = 0. Having proved (10), we
conclude that p : & — [0, +o0] as defined in (1) is indeed a
measure on the semi-ring S.

Exercise 5
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Exercise 6. Any statement of the form Vo € ()...% is true. So () € Tr,
and it is clear that R € 7r. So (i) of definition (13) is satisfied for
Tr. Let A, B € Tr. Let x € AN B. Since x € A, from definition (17),
there exists €; > 0 such that |z — €1, + €1[C A. Since xz € B, there
exists €3 > 0 such that |z — ey, x+€3[C B. It follows that if € is defined
as € = min(e, €2), then |z — e,z + €[C AN B. Hence AN B € Tg,
and (i7) of definition (13) is satisfied for 7r. Let (4;)i;er be a family
of elements of 7g. Let z € U;erA;. There exists i € I such that
x € A;. Since by assumption A; € Tgr, there exists € > 0 such that
|z —e€, 2+ ¢[C A;. In particular, |x — €,z + €[C U;er A;. It follows that
UierAi € Tr, and (iii) of definition (13) is satisfied for 7g. We have
proved that 7g is indeed a topology on R.

Exercise 6

3 Recall that Vz € 0, H is equivalent to = € ) = H, and G = H is equivalent
to (G is false) or (both G and H are true).
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Exercise 7.

1. For all n > 1, we have |a,b] Cla,b+ 1/n][. Hence, we have
la,b] € Ni]a,b+ 1/n]. Conversely, if z € N12]a, b+ 1/n],
then for all n > 1, we have a < © < b+ 1/n. Taking the limit
as n — +o00, we obtain a < x < b. It follows that x €]a, b] and

Nt2]a, b+ 1/n[Cla,b]. Finally, Ja,b] = N> ]a, b+ 1/n][.

2. Let a,b € R, a <b. For all n > 1, the interval |a,b+ 1/n[ is an
open set in R, (i.e. an element of 7r). Indeed, if x €]a,b+1/n],
take e = min(b+ 1/n—z,x — a), then |x — e, 2+ €[Cla, b+ 1/n].
Since Tr C 0(7Tr) = B(R), ]Ja,b+ 1/n[ is also a Borel set in R,
(i.e. an element of B(R)). From 1., we have:

+00 +o0 ¢
la,b] = ﬂ]a,b—i—l/n[: (U}a,b#—l/n[C)

n=1 n=1

B(R) being a o-algebra, it is closed under complementation and
countable union. It follows that ]a,b] € B(R). This being true
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for all a < b, we have proved that S C B(R). The o-algebra
o(8S) generated by S being the smallest o-algebra on R contain-
ing S, we finally have o(S) C B(R).

. Let U € T and z € U. From definition (17), there exists € > 0
such that |z — e,z + ¢[C U. Q being the set of all rational
numbers, it is dense in R: in other words, for all a < b, QN]a, b|
is a non-empty set’. In particular, there exist a, € QN]z — ¢, 2]
and b, € QN|z, z + ¢[. We have x €]a,, b,] CU.

. Since for all @ € U, |ay,b;] € U, we have U,cyla,, by] C U. If
x € U, then x €|ay,b;]. So U C Uzeylag, by]. We have proved
that U = Upep]da, ba).

. Let I = {Jag,by],x € U}. Since Q is a countable set, the
product Q2 = Q x Q is also countable. There exists a one-
to-one map ¢ : Q> — N. Consider ¢ : I — N defined by

4This density property of Q in R is not proved anywhere in these tutorials.

Please refer to any textbook containing a formal construction of the field R.
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Y(Jaz,be]) = ¢(ar,by). Then if (Jay,be]) = ¥(lag, b)), we
have ¢(az,by) = P(az,b,), and thus, (az, b)) = (agz,bs).
Hence, Jay’, by] =]ay, by]. It follows that the map ¢ : I — N is
an injective map. We have proved that I is a countable set.

6. For all i € I, ¢ =]ay,by] for some x € U. So i € §. Define
A; =1. Then A; € S for all i € I, and we have:

U= U}aa:abw] :UAz

zeU el

7. Since I is a countable set, and A; € S for all © € I, we have
U = UierA; € o(S). This being true for all U € 7Tr, we have
proved that Tg C o(S). The Borel o-algebra B(R) generated
by 7r being the smallest o-algebra on R containing 7g, we have
B(R) C 0(S). From 2., we conclude that B(R) = o(S). The
purpose of this exercise is to show theorem (6).

Exercise 7
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Exercise 8.

1. A o-algebra being closed under difference, (B,,),>1 is indeed a
sequence of elements of F. Suppose B,, N B, # 0. Without
loss of generality, we can assume that n < p. Suppose n < p
and let x € B, N By. From z € B,,, we have z € A,,. From
x € By, we have x ¢ A,_1. However, A, C A,_;. This is a
contradiction, and it follows that n = p. We have proved that
the B, ’s are pairwise disjoint. Since B,, C A, for all n > 1, we
have W1 B, C A. Conversely, let z € A. There exists n > 1
such that « € A,,. Let n be the smallest integer such that = €
A,. Thenifn=1,2€ By;. f n>1,thenz € A, \ A,_1 = B,.
In any case # € B, and A C W/ > B,,. We have proved that
(Brn)n>1 is a sequence of pairwise disjoint elements of F, such
that A = W= B,,.

2. Let N > 1. Foralln=1,...,N, we have B,, C A, C Ay. So
wN_ B, C Ax. Conversely, let x € Ay. Let n be the smallest
integer such that z € A,. Then 1 < n < N. If n = 1, then
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x€By. Ifn>1,thenx € A,\A,—1 = By. Inanycase T € B,
and Ay C wY_| B,,. We have proved that Ay = w_ B,

3. u being a measure on F, from 1. we obtain:

“+o0o
NL“?OO Z (B ; p(Bn) = p(A)

However, it follows from 2.

N
" u(Ba) = u(An)
n=1

Hence:
yim u(AN) = pl(A4)

4. Since A, € A, 11, we have pu(A,) < u(A,41) for alln > 1. The
purpose of this exercise is to prove theorem (7).

Exercise 8
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Exercise 9.

1. A o-algebra being closed under difference, each B, is an element
of F. For all n > 1, we have:

B, = A; ﬁAfL Cc A ﬁAfL_H = B,41
Moreover:

+00 +oo o0 ¢
UBn=4n (U A;) = AN (ﬁ An> = A\ A
n=1 n=1

n=1

We have proved that B,, T A1 \ A.
2. u(B,) T (A1 \ A) is a direct application of theorem (7).

3. Since A, C A;, we have A7 = A, W (A1 \ 4,). p being a
measure on F, we obtain u(A1) = pu(An) + u(Ag \ 4,). Since
1(Ay) < 400, all the terms involved in this equality are finite.
Hence, it is legitimate to write:

(An) = p(Ar) — pu(Ar \ Ay)

www.probability.net


http://www.probability.net

Solutions to Exercises 51

4. Since A C Ay, we have A3 = AW (A; \ A). u being a measure
on F, we obtain p(Ay) = u(A)+p(A; \ A). Since pu(4;) < +oo,
all the terms involved in this equality are finite. Hence, it is
legitimate to write:

(A) = p(Ar) — p(Ar \ A)

5. Since for all n > 1, A C A, C A;, p being a measure on
F, w(A) < w(A,) < wp(Ap). Similarly, A1 \ A C A; implies
that p(A; \ A) < p(A41). Having p(A41) < 400 ensures that all
the terms involved in say p(A1) = p(A) + u(A; \ A) are finite,
allowing to subtract pu(A; \ A) on both side of such equality.
One common mistake to make is to get involved in algebra with
non-finite terms, ending up with meaningless expressions of the
form 400 — (+00)...
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6. Using 2., 3., 4. and the fact that p(A4;) < +00°:
lim _p(An) = p(A1)~ im_u(Ba) = u(Ar) A1\ 4) = pu(4)

n—-+oo

7. For all n > 1, A,41 C A, and therefore p(A,y1) < p(4y,).
The purpose of this exercise is to prove theorem (8).

Exercise 9

5 limy,— 400 (00 — n) = 400, whereas 400 — lim,,_, 4 o0 1 is meaningless. . .
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Exercise 10.

1. For all n > 1, we have 4,11 C A,, and:

“+oo
ﬂ A, = ﬁ n, +oo[= 0
n=1
It follows that A,, | 0.

2. Let n > 1. Given p > n, define A2 =|n,p]. Then A2 1 A, as
p — +00, and from theorem (7), we have:

p—+o0 p——+o00

3. Since p(A,) = +oo for all n > 1, u(A,) — 400 as n — +oc.
Since p(0) = 0, u(A,) | (@) fails to be true. The purpose
of this exercise is to serve as counter example to theorem (8),
if the condition pu(A;) < +oo is relaxed. Indeed, 4, | 0, yet
we do not have u(A4,) | w(@). Note however that to apply
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theorem (8), ©(A41) < +o00 is not strictly speaking necessary:
if a slightly weaker assumption is made that p(A,) < +oo for
some p > 1, one can always apply theorem (8) to the sequence
(A/n)n21 = (An+p—1)n21~ ‘.

Exercise 10
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Exercise 11. Let S be the semi-ring S = {]a,b],a,b € R}, and
u: S — [0, +00] be the map defined by equation (2). We know from
exercise (5) that u is in fact a measure on S. From theorem (5) , p can
be extended to a measure defined on the o-algebra o(S) generated by
S. In other words, there exists a measure fi : 0(S) — [0, +00], such
that fijs = p. From theorem (6), we know that the o-algebra o(S) is
in fact equal to the Borel o-algebra B(R) on R. Hence, we have found
a measure fi : B(R) — [0, +00] such that fijs = p. In particular, we
have:
Va,be R, a<b, i(la,b]) = F(b) — F(a)

The purpose of this exercise is to prove the existence of the so called
Stieltjes measure on R, stated in theorem (9). This is a vitally im-
portant result, as most other measures ever encountered, are derived
one way or another from the Stieltjes measure on R.

Exercise 11
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Exercise 12.
1. Since pi(]—n,n]) = F(n)—F(—
Suppose A, B € D,,, with A C B.
p1 (BN]—n,n]) N]—n,n)) (12)
p1(AN]=n,n]) = pa(AN]—n, n) (13)
Moreover, since B = AW (B '\ ), for i = 1,2, we have:
pwi(BN]=n,n]) = pi(AN]=n,n]) + pi((B\ A)N]—=n,n]) (14)

All terms involved in (12), (13) and (14) being finite, subtract-
ing (13) from (12), and using (14), we obtain:

pa((B\ A)NJ—=n,n]) = p2((B\ A)N]—n,n])

This shows that B\ A € D,,. Let (4,),>1 be a sequence of
elements of D,, such that A, T A. Then A,N|—n,n] T AN]—n,n],
and from theorem (7), pi(ApN]—n,n]) T wi(AN]—n,n]) for all

n) = p2(]—n,n)), @ € D,.
We have:
p2(B
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1 =1,2. However, since A, € D,, for all p > 1, we have:
p1(ApN]—n,n]) = p2(Apn]—n, nj)
Taking the limit as p — 400, we obtain:
1 (AN]=n,n]) = pa(AN]—n,n))
So A € D,,. Having checked (i), (i7) and (#i7) of definition (1),
we have proved that D,, is indeed a Dynkin system on R.

2. A crucial step in proving that D,, is a Dynkin system on R,
consists in subtracting (13) from (12). One has to be very careful
in avoiding meaningless expressions of the form +oco — (+00).
Having p1(]—n,n]) < +o0 and p2(]—n,n]) < 400 ensures that
all terms involved be finite.

3. Since p1 (0N]—n,n]) = 0 = p2(0N]—n, n]), we have § € D,,. Let
a < b. From exercise (1), |a, b]N]—n,n] is an interval of the form
Ja',b']. If o/ < V', then:

pa(la’ b)) = F(t') — F(a') = pz(la’, b))
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Otherwise, p1(Ja’,b']) = 0 = pa(]a’,v’]). In any case, we have
w1 (la’,0']) = pa(ld’, b)), and Ja,b] € D,. We have proved that
SCD,.

4. S being a semi-ring on R, from definition (6), it is closed un-
der finite intersection. Since & C D,,, D,, is a Dynkin system
containing a set of subsets of R, which is closed under finite
intersection. According to theorem (1), D, also contains the
o-algebra generated by S. In other words, ¢(S) C D,,. How-
ever, from theorem (6), the o-algebra generated by S, coincide
with the Borel o-algebra on R, i.e. o(S) = B(R). It follows
that B(R) C D,.

5. Let A € B(R). from 4., we have A € D,,. In other words:
(AN =n, n]) = pa(AN]—n,n))

This being true for all n > 1, using theorem (7) and taking the
limit as n — 400, we obtain: p1(A) = ua(A). This being true
for all A € B(R), p1 = pa-
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6. Uniqueness follows from 5. Existence is proved in exercise (11).

Exercise 12
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Exercise 13.

1. F being non-decreasing, for all © < z¢, F'(z) < F(x¢). Define:

a’ sup F(x)
r<xo
Then a < F(z0) and in particular @ < 4o0. It follows that
given € > 0, @ — € < . Being a supremum, « is the smallest
upper-bound of all F(z)’s for < . Hence, we see that o — ¢
cannot be such upper-bound. There exists z; < zo such that
a—e€ < F(z1). Since F is non-decreasing, for all x €)1, zo[, we
have « — e < F(21) < F(z) < a < a + e. We conclude that for
all € > 0, there exists x1 < xg such that:

Vo €]z, x0] , |[Flz) —a|<e
We have proved the existence of the left limit:

F(ajo—)é lim F(z)=a€R

r<xo,x—T0
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2. Tt is clear that {z¢} C N2 ]xg — 1/n,x0]. Conversely, suppose
that z € N/>]xg — 1/n,z0]. Then for all n > 1, we have
2o — 1/n < x < xp. Taking the limit as n — +o00, we obtain
g < < xp, e, & = x0. So N ]we — 1/n,20] C {20} We
have proved that {z¢} = N>z — 1/n, o).

3. We have {zo} = (] — 00, z0[U]xo, +00[)¢. Open intervals being
open sets for the usual topology on R, they are also Borel sets. A
o-algebra being closed under finite union and complementation,
we conclude that {zo} € B(R).

4. Given n > 1, let A,, =]zg — 1/n, z¢]. Since A,41 C A, from 2.,
we have A,, | {zo}. Also, dF(Ay) = F(z9) — F(zo—1) ¢ R. In
particular, dF'(A;) < +o0. Applying theorem (8), we obtain:

AF({zo}) = Tim _dF(Ay) = F(zo) — F(zo-)

Exercise 13
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Exercise 14.

1. ]a,b] =Ja, +oo[N(]b, +00[)¢. Open intervals being Borel sets, and
a o-algebra being closed under finite intersection and comple-
mentation, we have ]a,b] € B(R). In virtue of definition (20),
dF (Ja,b]) = F(b) — F(a).

2. [a,b] = (] — 00, a|U]b, +o0])¢ and is therefore a Borel set. More-
over, using exercise (13):

dF([a,b]) = dF({a}) + dF(]a,b]) = F(b) — F(a—)
3. ]a, b being open is a Borel set. Moreover, using exercise (13):
dF(Ja,b]) = dF (Ja,b]) — dF({b}) = F(b—) — F(a)

4. [a,b[=] — 00, b[N(] — 00, a[)¢ and is therefore a Borel set. More-
over, using exercise (13):

dF([a,b]) = dF({a}) + dF(Ja,b]) — dF({b}) = F(b—) — F(a—)

Exercise 14
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Exercise 15.

1. Suppose A is a topology on . Then () and Q are elements of
A. Tt follows that that 0 N Q) = 0 and QN Q' = Q" are both
elements of Ajq/. So (i) of definition (13) is satisfied for Ajq/.
Let A", B’ € Ajo/. There exist A, B € A such that A’ = AN (94
and B’ = BN Q. Hence, A’ N B = (AN B)N Q. Since A is
a topology, AN B € A. It follows that A'N B’ € Ajq/, and (77)
of definition (13) is satisfied for Ajq/. Let (A});cr be a family
of elements of Ajq/. There exists a family (A;)ics of elements
of A, such that A, = A; N, for all i € I. In particular,
Uier AL = (Ujer A;) N Q. Since A is a topology, UierA; € A. Tt
follows that U;er A} € Ao and (ii7) of definition (13) is satisfied
for Ajq. We have proved that Ao/ is indeed a topology on .

2. Suppose A is a c-algebra on €. Then Q € A, and we have
Q' =0nQ € Ag. Let A’ € Ajo. There exists A € A such
that A’ = ANQ'. Hence®, Q' \ A" = Q' N(A")¢ = Q' N A°. Since

6The notation (A’)¢ refers to the complement of A’ in Q, i.e. (A’)° = Q\ A’.
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A is a g-algebra, A° € A. It follows that Q' \ A’ € Ay, and
Al is closed under complementation in . let (A},),>1 be a
sequence of elements of Ajo/. There exists a sequence (Ay)n>1
of elements of A, such that Al = A, N, for all n > 1. In
partlcular utfegal = (ufxA ) N Q. Since A is a o-algebra,

XA, € A It follows that Ut Al e Ajqar, and AlQ/ is closed
under countable union. We have proved that Ajq is indeed a
o-algebra on €)'.

Exercise 15

The complement of A’ in ' is denoted Q' \ A’.
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Exercise 16.

1. When working in the context of two reference sets ' and
where ' C Q, given A C €, the notation A° and the no-
tion of complementation can be confusing: does it refer to the
complement of A in €, or the complement of A in €'... Unless
otherwise specified, it is customary to keep the notation A¢ for
the complement of A relative to the large set (A° = Q\ A). The
complement of A relative to the smaller set £ can still be de-
noted Q' \ A. Similarly, whenever A’ is a set of subsets of '
(like Ajq), then it is also a set of subsets of Q2. Hence, a nota-
tion such as o(A’) can be ambiguous and confusing. One the
one hand, o(A’) could be referring to the o-algebra generated
by A’ on Q. One the other hand, o(A’) could be referring to the
o-algebra generated by A’ on Q. Hence, it is very important
to specify clearly what is meant, when using a notation such
as o(A"). In this exercise, o(A) is a o-algebra on 2, whereas
o(Ajq) is a o-algebra on €.
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2. Let A€ A Then A € 0(A) and ANQ' € Ao C o(Aj). Tt
follows that A € T, and A C T.

3. 0(A) being a o-algebra on Q, Q € o(A). o(Ajn) being a
o-algebra on ', QN Q" = Q' € 0(Ajq). It follows that Q € T.
Let A € I'. Then A € o(A) and ANQ" € o(Ajq). Hence,
A e o(A)and A°NQ =\ (ANQ) € o(Ajn). So A° €T,
It follows that I' is closed under complementation. Let (A )n>1
be a sequence of elements of I'. Then for all n > 1, A, € o(A)
and A, N Q" € o(A). It follows that US> A, € o(A), and
(U2 4n) NQ = U2 (A, Q) € o(Aj). So U2 A, €T Tt
follows that I" is closed under countable union. We have proved
that I' is indeed a o-algebra on €.

4. The o-algebra o(A) on Q generated by A, being the smallest
o-algebra on {2 containing A, from A C T', and the fact that
T is o-algebra on 2, we have o(A) C I'. In particular, for
all A € o(A), we have ANQ" € 0(Ajo). Hence, we see that
o(A)jor € o(Aj). However, for all A € A, since A € o(A),
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we have AN Q' € o(A)q. It follows that A C o(A)q.
From exercise (15), 0(A)o is a -algebra on Q. The o-algebra
o(Ajr) being the smallest o-algebra on Q' containing Ao,
we conclude that o(Ajq) € o(A)jqr. We have proved that
o(Aja) = 0(A)o-. The purpose of this exercise is to prove
theorem (10).

Exercise 16
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Exercise 17.
1. From theorem (10), B(Q) o = (T )jor = o(Tjor) = B(Q').

2. Suppose Q' € B(Q). Let A" € B(Q'). Since B(Q) = B()0,
there exists A € B(Q) such that A’ = ANQ'. A o-algebra being
closed under finite intersection, it follows that A" € B(§). We
have proved that B(Q)') C B(Q).

3. From 1., we have B(RT) = B(R)|g+ = {ANR', A € B(R)}
4. Since Rt =]—o00,0[°€ B(R), from 2. we have B(RT) C B(R).

Exercise 17
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Exercise 18.

1. From exercise (15), F being a o-algebra on Q, F|o is a o-algebra
on . from definition (18), it follows that (Q', Fj¢/) is a mea-
surable space.

2. Suppose Q' € F. A o-algebra being closed under finite intersec-
tiOIl, ﬂg/ = {AOQ/,A Ef} gf

3. Q' e F, from 2., Fior C F. Hence, it is legitimate to consider
the restriction H(F o) of the map p : F — [0, +00] to the smaller
domain Fjq/. Denoting such restriction by pq/, it is clearly a
measure on F|q: (definition (9)). From definition (19), it follows
that (€', Fio/, pyor) is a measure space.

Exercise 18
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Exercise 19.

1. Let 29 € R. If 29 < 0, then F(z) — 0 = F(xg) as x — . If
zo > 0, since F is right-continuous, we have:

lim F(r)= lim F(x) = F(x0) = F(z0)

ro<T,r—T0 ro<T,r—T0

Hence we see thatﬁF is itself right-continuous. Let a < b. If
0 <a < b, then F(a) = F(a) < F(b) = F(b). If a < 0 < b,

then F(a) = 0 < F(0) < F(b) = F(b). If a < b < 0, then
F(a) = 0 = F(b). In any case, F(a) < F(b) and F is non-
decreasing.

2. B(R") C B(R) and p is well-defined. Using exercise (13):

u({0}) = dP({0}) = F(0) - F(0-) = F(0)
Moreover, for all 0 < a < b:
p(Ja, b)) = dF(Ja,b]) = F(b) — F(a) = F(b) — F(a)

Exercise 19
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Exercise 20.

1. For all 0 < a < b, Ja,b] =Ja,b) "R € B(R)r+= B(RT).
Moreover, we have {0} =]—1,0]NR* € B(R"). we have proved
that C C B(R™).

2. Let U be open in R*. By definition (23), there exists V open
in R, such that U = VN R™T. For all z € V, there exists ¢, > 0
such that | — e;,2 4+ €,[C V. The set of rational numbers
Q being dense in R, we can choose p, € QN]z — €,,z[ and
¢z € QN|z,z + €,[. We have = €|py,q,] C V. If we define
I = {]ps, ],z € V}, then I is a countable set (see exercise (7)
for more details). For all i € I, let a; = p, and b; = ¢,, where
x € V is such that i =|p;,q;]. From V = Uzev]ps, ¢z, we
obtain V' = Ujerlay, b, and finally U = U;er (RYN]ay, by]).

3. If 0 < a; < b;, then R*ﬂ}ai,bi] :]ai,bi] €C. Ifa; < 0 < b;, then
RJFQ}CLi,bi] = [O,bl] = {O}U}O,bz} S O’(C) If a; < b; <0, then
R*N]a;, b;] =0 =]1,1] € C. In any case, R™N]a;, b;] € o(C).

www.probability.net


http://www.probability.net

Solutions to Exercises 72

4. From 2. and 3., the set I being countable, we have:
U= UieI(RJrﬂ]ai, le S O'(C)

This being true for all U open in R*, we have Tg+ C o(C).
B(R™) being the smallest o-algebra on R containing T+, we
obtain that B(R") C o¢(C). However from 1., C C B(R™).
a(C) being the smallest o-algebra on R containing C, we have
a(C) € B(R™). We have proved that o(C) = B(R™).

Exercise 20
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Exercise 21.

L pm({0}n[0,n]) = pi({0}) = p2({0}) = p2({0} N[0, n]). So
{0} € D,. Forall 0 < a <D, ]a,bN[0,n]is either empty, or
is an interval of the form ]a/, '] with 0 < o’ < V'. In any case,
u1(Ja,b] N [0,n]) = pa(la,b) N [0,n]). It follows that C C D,,.

Since i1 ([0,n]) = i1 ({0}) + 1 (10, 1]) = F(n) = ([0, ]), we
have R™ € D,, and both 11 ([0, n]) and u2([0,n]) are finite. Let
A, B e D, with A C B. We have:

p(AN[0,n]) = p2(ANI[0,n])

/jfl(B N [0,71]) = /1'2(3 N [0,71])
and for i = 1,2:

pi(BN[0,n]) = pi(AN0,n]) + pi((B\ A) N [0,n])
All terms being finite, we obtain:

pa((B\ A)N[0,n]) = p2((B\ A) N[0, n])
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and it follows that B\ A € D,,. Let (Ap),>1 be a sequence of
elements of D,,, with 4, T A. Then A, N[0,n] T AN[0,n]. For
all p > 1, we have:

p1(Ap N[0, n]) = p2(A, N[0, 7))
Using theorem (7), taking the limit as p — 400, we obtain:

:ul(A N [07 n]) = /1'2(A n [07 TLD

and it follows that A € D,,. We have proved that D,, is a Dynkin
system on R (definition (1)) with C C D,,.

2. 111([0,n]) < 400 and pa([0,n]) < +o0 is important in ensuring
that the algebra required to prove that B\ A € D,, is indeed
meaningful.

3. Let 0 < a <b. Then {0}N]a,b] =0 =]1,1] € C. If0 < ¢ < d,
then Ja, b]N]e, d] can still be written as Ja/, V'] with 0 < a’ <V,
and therefore lies in C. It follows that C is closed under finite
intersection. Since D,, is a Dynkin system on RT such that
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C C D, using theorem (1), we see that o(C) C D,,. However,
from exercise (20), o(C) = B(R™). It follows that B(R™) C D,
Hence, for all A € B(R™), we have u1(AN[0,n]) = p2(AN[0, n)).
Since AN[0,n] T A as n — +o0, using theorem (7), we obtain
u1(A) = p2(A). This being true for all Borel set A € B(R™),
we have proved that p; = po.

4. Existence follows from exercise (19). Uniqueness is a conse-
quence of 3.

Exercise 21

www.probability.net


http://www.probability.net

	3 Stieltjes-Lebesgue Measure
	 Solutions to Exercises



