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15. Stieltjes Integration

Definition 112 b: R" — C is right-continuous of finite variation.
The Stieltjes L'-spaces associated with b are defined as:

2

L&(b) {f :RT — C measurable, / |f1d|b] < +oo}

2

t
Léloc(b) {f :RT - C measumble,/o | f]d]b] < 400,V € R+}

Warning : In these tutorials, f(f ... refers to f[o 4 -+ ie. the domain
of integration is always [0, ¢], not ]0,¢], [0, ¢], or |0, ¢[.

EXERCISE 1. b: RT — C is right-continuous of finite variation.
1. Propose a definition for Lk (b) and Li{loc(b).
2. Is L& (b) the same thing as LG(RT, B(R™),d|b])?
3. Is it meaningful to speak of L§(RT, B(R™), |db|)?
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4. Show that LL(b) = LL(Jb]) and L51°¢(b) = L51°%(8)).
5. Show that LL(b) C LE°¢(b).
EXERCISE 2. Let a : RT™ — R™ be right-continuous, non-decreasing
with a(0) > 0. For all f € Léloc(a), we define f.a: Rt — C as:
A t
fa(t) = / fda , vVt e RT
0

1. Explain why f.a : RT — C is a well-defined map.

2. Let t € R", (t,)n>1 be a sequence in R* with ¢, || ¢. Show:

3. Show that f.a is right-continuous.

www.probability.net


http://www.probability.net

Tutorial 15: Stieltjes Integration 3

4. Let t € RT and tg < ... <t, be a finite sequence in [0, ¢]. Show:

i-1)| < d
Z|fa ~ faltiy)| /}O,t]fla

5. Show that f.a is a map of finite variation with:

f.al(t) /\f|da Ve R

EXERCISE 3. Let a : RT — R be right-continuous, non-decreasing
with a(0) > 0. Let f € L&(a).

1. Show that f.a is a right-continuous map of bounded variation.
2. Show d(f.a)([0,t]) = v([0,t]), for all t € R, where v = [ fda.

3. Prove the following:
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Theorem 86 Leta:R'T — R™T be right-continuous, non-decreasing
with a(0) > 0. Let f € Li(a). The map f.a : RT — C defined by:

t
é/ fda , vVt e RT
0

18 a right-continuous map of bounded wvariation, and its associated
complex Stieltjes measure is given by d(f.a) = [ fda, i.e.

d(f.a)(B / fda , VB € B(R")

EXERCISE 4. Let a : RT — R™T be right-continuous, non-decreasing
with a(0) > 0. Let f € L5°%(a), £ > 0.

1. Show f.a is right-continuous, non-decreasing with f.a(0) > 0.
2. Show d(f.a)([0,t]) = n([0,t]), for all t € RT, where p = [ fda.
3. Prove that d(f.a)([0,7)N ) = wu([0,T]N -), for all T € RT.
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4. Prove with the following:

Theorem 87 Leta: RT — R7T be right-continuous, non-decreasing

with a(0) > 0. Let f € Laloc(a), f>0. The map f.a: RT — RT
defined by:

fa(t) = /fda vte RT

is right-continuous, non-decreasing with (f.a)(0) > 0, and its associ-
ated Stieltjes measure is given by d(f.a) = [ fda, i.e.

d(f.a)(B / fda , VB € B(RY)

EXERCISE 5. Let a : RT — R be right-continuous, non-decreasing
with a(0) > 0. Let f € L5°C(a) and T € R*.

1. Show that [|f|ljgmda = [ |f|dal®T) = [|f|da”.
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2. Show that flo 7 € Lg(a) and f € Lg(a™).
3. Show that (f.a)" = f.(a¥) = (f1jo.1))-a-
4. Show that for all B € B(R"):

A0 (B) = [ jad” = [ Fronda

5. Explain why it does not in general make sense to write:
d(f.a)" = d(f.a)([0,T]N -)
6. Show that for all B € B(R™):

d(f.a)7|(B) = /B fllo.nda

7. Show that |d(f.a)T| = d|f.a|([0,T]N -)
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8.

11.

12.
13.

14.

Show that for all t € RT
¢

Fal(®) = (fla)(t) = / flda

. Show that f.a is of bounded variation if and only if f € Lg(a).
10.

Show that A(f.a)(0) = £(0)Aa(0).

Let t > 0, (tn)n>1 be a sequence in R* with ¢, 11 ¢. Show:

lim /fl[o’tn]da:/fl[(),t[da

n—-+oo

Show that A(f.a)(t) = f(t)Aa(t) for all t € RT.

Show that if @ is continuous with a(0) = 0, then f.a is itself
continuous with (f.a)(0) = 0.

Prove with the following:

www.probability.net


http://www.probability.net

Tutorial 15: Stieltjes Integration 8

Theorem 88 Leta:R'T — R™T be right-continuous, non-decreasing
with a(0) > 0. Let f € LY loc(a). The map f.a: RT — C defined by:

t
t)é/ fda , vVt e RT
0

is right-continuous of finite variation, and we have |f.a| = |f].a, i.e.

|f.al(t) / |f|da , Vt e R

In particular, f.a is of bounded variation if and only if f € L&(a).
Furthermore, we have A(f.a) = fAa.

EXERCISE 6. Let a : RT — R™T be right-continuous, non-decreasing
with a(0) > 0. Let b : RT — C be right-continuous of finite variation.

1. Prove the equivalence between the following:

(1) djb| << da
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(i4) db"| << da , VT € RT
(iid) db" << da , VT € RT

2. Does it make sense in general to write db << da?

Definition 113 Leta:RT —R™T be right-continuous, non-decreasing
with a(0) > 0. Let b: R — C be right-continuous of finite variation.
We say that b is absolutely continuous with respect to a, and we
write b << a, if and only if, one of the following holds:
(1) d|b] << da

(i) |db"| << da , VT € R

(iii) db’ << da , VT e R*
In other words, b is absolutely continuous w.r. to a, if and only if the

Stieltjes measure associated with the total variation of b is absolutely
continuous w.r. to the Stieltjes measure associated with a.
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EXERCISE 7. Let a : RT — R be right-continuous, non-decreasing

with a(0) > 0. Let b : R™ — C be right-continuous of finite variation,
absolutely continuous w.r. to a, i.e. with b << a.

1. Show that for all T' € R*, there exits fr € L&(a) such that:
dv"(B) = / frda , VB € B(R")
B
2. Suppose that 7,7’ € R™ and 7' < T". Show that:

/ deCL :/ fT/da , VB € B(RJr)
B BA[0,T]

3. Show that fp = fp Lio,1) da-a.s.

4. Show the existence of a sequence (f,),>1 in L&(a), such that
forall 1 <n <p, fn = fplio,n and:

Wn>1, dv"(B) :/ foda , VB € BRY)
B
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5. We define f : (RT,B(R")) — (C,B(C)) by:
Vte R, f(t) = fu(t) for any n>1: ¢t € [0,n]
Explain why f is unambiguously defined.
6. Show that for all B € B(C), {f € B} = U/>[0,n] N {f. € B}.
7. Show that f: (RT,B(R")) — (C,B(C)) is measurable.

8. Show that f € Léloc(a) and that we have:
t

b(t) :/ fda , ¥Vt e RT
0

9. Prove the following:
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Theorem 89 Leta:R'T — R™T be right-continuous, non-decreasing
with a(0) > 0. Let b : RT — C be a right-continuous map of finite

variation. Then, b is absolutely continuous w.r. to a, i.e. d|b] << da,

if and only if there exists f € Léloc(a) such that b = f.a, i.e.

t
b(t):/ fda , Vte R"
0

If b is R-valued, we can assume that f € Laloc(a),
If b is non-decreasing with b(0) > 0, we can assume that f > 0.

EXERCISE 8. Let a : RT — R be right-continuous, non-decreasing
with a(0) > 0. Let f,g € Lé’loc(a) be such that f.a = g.a, i.e.:

¢ t
/ fdaz/ gda , ¥Vt € RT
0 0
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1. Show that for all 7€ R* and B € B(R"):
a0 (B) = [ fromda= [ gionda

2. Show that for all T € R*, fljo 71 = gljo,7) da-a.s.
3. Show that f = ¢ da-a.s.

EXERCISE 9. b: Rt — C is right-continuous of finite variation.

1. Show the existence of h € Léloc(|b\) such that b = h.|b|.
2. Show that for all B € B(RT) and T € R*:

v (B /hd\b|T /h\de

3. Show that |h| =1 |dbT|-a.s. for all T € R™.
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4. Show that for all T e R™, d[b|([0,T] N {|h| # 1}) = 0.
5. Show that |h| =1 d|b|-a.s.

6. Prove the following:

Theorem 90 Letb: RT — C be right-continuous of finite variation.
There exists h € Léloc(|b\) such that |h| =1 and b = h.|b|, i.e.

t
b(t) :/ hdlp| , vt € Rt
0

Definition 114 b: RT — C is right-continuous of finite variation.
For all f € L5(b), the Stieltjes integral of f with respect to b, is

defined as:
/fdb 2 /fhd|b\
where h € Léloc(\bD is such that |h| =1 and b = h.|b|.
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Warning : the notation | fdb of definition (114) is controversial and
potentially confusing: ’db’ is not in general a complex measure on R,
unless b is of bounded variation.

EXERCISE 10. b: Rt — C is right-continuous of finite variation.

1.
2.

Show that if f € Lg(b), then [ fhd|b| is well-defined.
Explain why, given f € Lg(b), [ fdb is unambiguously defined.

Show that if b is right-continuous, non-decreasing with 5(0) > 0,
definition (114) of [ fdb coincides with that of an integral w.r.
to the Stieltjes measure db.

. Show that if b is a right-continuous map of bounded variation,

definition (114) of | fdb coincides with that of an integral w.r.
to the complex Stieltjes measure db.

EXERCISE 11. Let b : RT — C be a right-continuous map of finite
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variation. For all f € Léloc(b), we define f.b: RT — C as:

t
f.b(t)é/ fdbé/f1[07t]db, vt e R*
0

1. Explain why f.b: RT — C is a well-defined map.

2. If b is right-continuous, non-decreasing with b(0) > 0, show this
definition of f.b coincides with that of theorem (88).

3. Show f.b = (fh).|b], where h € L5°C(b]), |A] = 1, b = h.]b].

4. Show that f.b: RT — C is right-continuous of finite variation,
with [£.b] = [f].]b], i.e.

t
£](t) = / fldlel , vt € R

5. Show that f.b is of bounded variation if and only if f € L&(b).
6. Show that A(f.b) = fAb.
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7. Show that if b is continuous with b(0) = 0, then f.b is itself
continuous with (f.0)(0) = 0.

8. Prove the following:

Theorem 91 Letb: RT — C be right-continuous of finite variation.
For all f € LEY°(b), the map f.b: R — C defined by:

t
é/ fdb , vt € R*
0

is right-continuous of finite variation, and we have |f.b| = |f|.|b], i.e.

£01(0) /If\d\bl vieR*

In particular, f.b is of bounded variation if and only if f € L&(b).
Furthermore, we have A(f.b) = fAb.
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EXERCISE 12. Let b : RT — C be right-continuous of finite variation.
Let f € L5°(b) and T € R+

1.
2.

Show that [ |f[1jorydlb] = [ 1/1dlb©T) = [|f]d[bT].
Show that flj 7] € L&(b) and f € L (bT).

. Show b7 = h.[bT|, where h € LEC(b)), |h| =1, b= h.b].
. Show that (£.6)7 = £.(b7) = (f1j0.17).b
. Show that d|f.b|(B) = [ |f|d|b| for all B € B(R").

. Let g : R™ — C be a measurable map. Show the equivalence:

g€ LEO) & gf € LEOW)

Show that d(f.b)"(B) = [, fhd[b"| for all B € B(R™T).
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8.

10.
11.
12.
13.

Show that db” = [ hd|bT| and conclude that:

d(f.0)"(B) = /debT , VB € B(R")

. Let g € L5C(£.b). Show that g € L&((f.b)T) and:

/gl[o,t]d(f.b)T :/gfl[07t]de ,VteRT

Show that g. ((f.6)") = (¢f)-(b").
Show that (g.(f.b))T = ((gf).b)T.
Show that g.(f.b) = (gf).b

Prove the following:
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Theorem 92 Letb: RT — C be right-continuous of finite variation.

For all f € Léloc(b) and g : (R, B(R*")) — (C,B(C)) measurable
map, we have the equivalence:

g€ LE(1b) = gf € LG()
and when such condition is satisfied, g.(f.b) = (fg).b, i.e.

/Otgd(f.b) :/Otgfdb, vteRT

EXERCISE 13. Let b : R™ — C be right-continuous of finite variation.
let f,g € Léloc(b) and a € C. Show that [+ ag € Léloc(b), and:

(f +ag)b= fb+algb)

EXERCISE 14. Let b,c : RT — C be two right-continuous maps of
finite variations. Let f € Léloc(b) N Léloc(c) and a € C.
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1. Show that for all T € R*, d(b+ ac)” = db” + adc?.

2. Show that for all T € R, d|b + ac|T < db|T + |a|d|c|T.

3. Show that d|b+ ac| < d|b| + |ald|c].

4. Show that f € L5°%(b + ac).

5. Show d(f.(b+ ac))T(B) = [ fd(b+ ac)” for all B € B(RY).
Show that d(f.(b+ ac))T = d(f.b)" + ad(f.c)T.

Show that (f.(b+ ac))? = (f.b)T + a(f.c)T

© N>

Show that f.(b+ ac) = f.b+ af.c).

EXERCISE 15. Let b : RT — C be right-continuous of finite variation.

1. Show that d|b| < d|b1|+d|bz|, where by = Re(b) and by = Im(b).

www.probability.net


http://www.probability.net

Tutorial 15: Stieltjes Integration 22
2. Show that d|b;| < d|b| and d|ba| < d|b].
1,loc . "
3. Show that f € L5~ (b), if and only if:

f € LEO(ba*) 0 Lg% (ba]7) 1 LG (ol F) N LG (el )

4. Show that if f € L5%(b), for all t € R+:
t t t t t
/fdb:/fd|b1|+—/fd\bl\‘+i (/ fd\bz\+—/ fdlbz‘>
0 0 0 0 0

EXERCISE 16. Let a : RT — R be right-continuous, non-decreasing
with a(0) > 0. We define ¢ : Rt — [0, +00] as:

c(t) 2 inf{sc R": t<a(s)}, VteRT
where it is understood that inf ) = +oo. Let s, € R™.

1. Show that t < a(s) = c(t) < s.
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- w

ot

® N o

10.
11.

. Show that ¢(t) <s = t <a(s).
Show that ¢(t) <s = t<a(s+e¢€), Ve> 0.

(

(

Show that c(t) <s = t < af(s).

)

) <
) <
Show that c(t) < 400 & t < a(00).
Show that ¢ is non-decreasing.

Show that if ¢y € [a(c0), +00], ¢ is right-continuous at .

Suppose tg € [0,a(c0)[. Given € > 0, show the existence of
s € R, such that c(ty) < s < c(to) + € and to < a(s).

Show that ¢ € [to,a(s)] = c(to) < e(t) < c(to) + €.
Show that ¢ is right-continuous.
Show that if a(c0) = 400, then ¢ is a map ¢: R — R* which

is right-continuous, non-decreasing with ¢(0) > 0.
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12. We define a(s) = inf{t € R" : s < ¢(t)} for all s € RT. Show
that for all s,t € RT, s <c(t) = a(s) <t

13. Show that a < a.
14. Show that for all s,t € Rt and € > 0:
a(s+e€) <t = s<s+e<c)
15. Show that for all s, € Rt and € > 0, a(s+¢) <t = a(s) <t.

16. Show that a < a and conclude that:
a(s) =inf{t e RT: s<c(t)}, Vs RT

EXERCISE 17. Let f : RT — R be a non-decreasing map. Let o € R.
We define:

xo 2 sup{z € R": f(z) <a}
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1. Explain why 29 = —oo if and only if {f < a} = 0.

2. Show that xg = o0 if and only if {f < a} =R™.

We assume from now on that zg # 400. Show that 2o € R™T.
Show that if f(zo) < a then {f < a} = [0, zg].

5. Show that if v < f(x0) then {f < a} = [0, z0[.

6. Conclude that f: (RT,B(R")) — (R, B(R)) is measurable.

EXERCISE 18. Let a : RT — R be right-continuous, non-decreasing
with a(0) > 0. We define ¢ : Rt — [0, +00] as:

c(t) 2 inf{s e R": t<a(s)}, Vt e R"

1. Let f: Rt — [0, +0c] be non-negative and measurable. Show
(f 0 €)1{ccqooy is well-defined, non-negative and measurable.
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2. Let t,u € R, and ds be the Lebesgue measure on R*. Show:
a(t)
/0 (Lj0,u) © )1 {cctoords < /1[o,a(mu)}1{c<+oo}d8
3. Show that:
a(t)
/ (Lj0,u) © €)1 {ec o1 ds < alt Au)
0
4. Show that:
a(t) a(t)
a(t A u) = /0 1[0,a(u)[d8 = /0 1[0,a(u)[l{c<+oc}d8
5. Show that:

a(t)
a(t Au) < / (L0,u) © )1 {ecto0yds
0
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6. Show that:
t a(t)
/ 1[07U]da = / (1[0,u] © C)]-{c<+oo}d3
0 0
7. Define:

t a(t)
D = {B €BRT): / 1pda :/ (1p oc)l{c<+oo}ds}
0 0

Show that Dy is a Dynkin system on R™, and D; = B(R™).

8. Show that if f: RT — [0, +oc] is non-negative measurable:

t a(t)
/ fda:/ (f ) Lfecrionyds , Vt € R
0 0

9. Let f: RT — C be measurable. Show that (f o ¢)l{cciooy is
itself well-defined and measurable.
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10. Show that if f € Léloc(a), then for all ¢ € R, we have:
(f 0 ) lgectoot 0@ € Le(RT, B(RY), ds)

and furthermore:

t a(t)
| rda= [ g0 rnyds
0 0

11. Show that we also have:

/ot fda= /(f o ¢)lp,at)[ds

12. Conclude with the following:
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Theorem 93 Leta:R'T — R™T be right-continuous, non-decreasing
with a(0) > 0. We define ¢ : Rt — [0, +00] as:

c(t) = inf{se R": t<a(s)}, Vte R
Then, for all f € Léloc(a), we have:

t a(t)
JRCEY R TTEISSETARTES &
0 0
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Solutions to Exercises

Exercise 1.

1. Let b: Rt — C be right-continuous of finite variation. In line
with definition (112), it is natural to define:

Lﬁ(b)é{f :RT—=R measurable,/\f|d|b\ <—|—oo}
Lk IOC(b) {f R"—R measurable/ | f1d|b] < 400, Vt € R+}

2. Yes, L5 (b) and LG(R*T, B(R"),d|b|) are the same thing.

3. No, L5(R™,B(R"),|db|) may not be meaningful. The com-
plex Stieltjes measure db is well-defined by definition (110),
provided b is right-continuous of bounded variation, not just
right-continuous of finite variation.

www.probability.net


http://www.probability.net

Solutions to Exercises 31

4. Since |b| is non-decreasing with |b/(0) > 0, the total variation of
b is itself, i.e. ||b]| = |b|. Looking back at definition (112), it

follows that LL(b) = L&(|b]) and LE5¢(b) = LE¢(Jb)).

5. Let f € LE(b). Then f: (R, B(R')) — (C,B(C)) is measur-
able and for all t € R™, we have:

t
A
[ sam [ isian= [1soqdp < [ <o
0 0,

so f € Léloc(b) and we have proved that L&(b) C Léloc(b).

Exercise 1
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Exercise 2.

1. Let a : RT™ — RT be right-continuous, non-decreasing with
a(0) > 0. In particular, a is right-continuous of finite variation,
and the space Léloc(a) is well-defined as per definition (112).

Let f € Léloc(a). We define f.a: RT — C as:

A

falt) = /Ot fda , vVt e RT

Given t € R*, the map fljg, is measurable and since |a| = a
with f € Léloc(a), we have:

t
/ Fl0.qda = / fldla] < +o0
0

So f1o,y is also integrable with respect to the Stieltjes measure

da. Tt follows that the integral [ fda is well-defined. This being
true for all t € R™, the map f.a : RT™ — C is well-defined.
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2. Let t € R" and (¢,)n>1 be a sequence in R™ such that ¢, || ¢,
ie t, »tandt <t,i1 <t, foralln>1. We have fl[o,tn] —
[1jo,4 pointwise, and furthermore |f[1j04,] < [f|1[0,¢,) With:

ty
/ o da = / |flda < +oo
0

From the dominated convergence theorem (23), we obtain:

] / flp.pyda = / flo,nda

3. From 2. we see that f.a(t,) — f.a(t), for allt € R* and (¢,)n>1
sequence in Rt with ¢, || ¢. This shows that f.a is right-
continuous. To those who may not be convinced by this conclu-
sion, we may offer the following argument (we shall not repeat
it very often): the fact that f.a is right-continuous is equivalent
to the fact that for all t € R* and for all U open sets in C with
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f.a(t) € U, there exists u € R™, t < u, such that:
s €)t,u]l = fa(s)eU (1)

If this is not the case, then there exists some t € RT and U
open set in C with f.a(t) € U, such that for all u € R, ¢ < u,
the implication (1) does not hold. Take u = ¢ 4+ 1. Since the
implication (1) does not hold, there exists ¢; €]t,u[ such that
f.a(ty) ¢ U. Take u = min(t+1/2,¢;1). Since the implication (1)
does not hold, there exists to €]t, u[ such that f.a(t2) ¢ U. Note
in particular that ¢t <ty <t+1/2and t <ty <t; (even ta < t1
but we don’t really care). By induction, we may construct a
sequence (t,)p>1 such that ¢t < ¢, < t+1/n, t < thp1 < iy
and f.a(t,) € U for all n > 1. In particular, we have ¢, || ¢
and consequently f.a(t,) — f.a(t). But this contradicts the fact
that U is open with f.a(t) € U and f.a(t,) ¢ U for all n > 1.
This contradiction ensures that f.a is right-continuous.

4. Lett € R and tg < ... < t, be a finite sequence in [0,¢], n > 1.
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For all i € {1,...,n}, we have:

|fat:) — falti-i)| = /fl[o,ti]da_/fl[o,t,i,l]da

— ‘/fl]ti_l,ti]da
/‘f|1]t¢71,ti]da

Z/‘f“‘]ti—lati]da
i=1

= /‘f|1]t07tn]da
< /\f|1]0,t]da

5. It follows from 4. that [ |f|1}o¢da is an upper-bound of all sums

IN

and consequently:

n

> Ifalts) = fatio))|

i=1

IN
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S Ifalt;) = fa(tizi)] as to < ... <t, runs through the set
of all finite sequences in [0,¢], n > 1. Since |f.a|(t) — |f.a(0)] is
the smallest of such upper-bounds, we obtain:

Fal(t) — | f.a(0)] < / 1o da @)
Furthermore, we have:

Fa(0)] = | [ 1a] < [ 15110140 3)

From (2), (3) and f € Léloc(a), we conclude that:

Fal(t) < / Flo.qda = / flda < +o0

So f.a is a map of finite variation.

Exercise 2
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Exercise 3.

1. Let a : RT™ — R™T be right-continuous, non-decreasing with

a(0) > 0. Let f € L&(a). In particular, f € Lg 1OC( ) and from
exercise (2) we know that f.a defined by:

fa(t) = /Ot fda , Vt € RT

is well-defined, right-continuous and of finite variation, with:

|f.al(t) /\f|da vte RT

Since f € L&(a), it follows that:
fal(0) = sup |£al(t) < [ |flda < +oc
te

So f.a is of bounded variation. We have proved that f.a is
right-continuous of bounded variation.
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2. Let v = [ fda. Since f € L§(a) = L&(RT, B(RT), da), from
theorem (63), v is a complex measure on (RT, B(R™)). Since
f.a is right-continuous of bounded variation, its complex Stielt-
jes measure d(f.a) is well-defined as per definition (110). For all
t € RT, we have:

d(f-a)([0, ])

d(f.a)({0}) + d(f.a)(]0, 1])
f.a(0) + f.a(t) — f.a(0)

| fda=vijo,1)
[0,1]

3. In order to prove theorem (86), we need to show that d(f.a) = v.
Define D = {B € B(R") : d(f.a)(B) =v(B)} and C = {[0,1] :
t € RT}. From 2. we have C C D. Since C is closed under
finite intersection and D is a Dynkin system on R, from the
Dynkin system theorem (1) we have o(C) C D, where o(C) is the
o-algebra on RT generated by C. However, one can easily show
that that o(C) = B(RT). We conclude that B(R*) C D and
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finally d(f.a) = v. This completes the proof of theorem (86).

For those who want to say more, here is the following: A, B €

C= ANB € CCisclear. d(f.a) and v are two complex measures

on RT, so D is shown to be a Dynkin system as follows:
d(fa)RY) = lim d(f.a)([0,n])

n

= lim f.a(n)

n—-+oo

= lim fda

n=+00 J0,n]

= lim »([0,n]) =vR")

n—-+oo

where the first and last equality stem from exercise (13) of Tu-
torial 12. So RT € D. If A,B € D, A C B, then B\ A € D is
clear. If A, € D, n > 1 and A, T A, then from exercise (13) of
Tutorial 12, we have:

d(f.a)(A) = nEr-&I-loo d(f.a)(A,) = lim v(A,)=rv(A)

n—-+oo
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So A € D. Having proved that D is a Dynkin system, it remains
to show that o(C) = B(R™). Since C C B(R™), it is clear that
a(C) € B(R™). To show the reverse inclusion, we need to show
that any open set in R" is an element of o(C). However, any
non-empty open set in R can be written as a countable union
of closed intervals [a,b] with a < b. It follows that any non-
empty open set in RT can be written as a countable union of
closed intervals [a, b] with a,b € R*, a < b. Since ) € o(C), all
we need to do is show that for all a,b € RT, a < b, we have
[a,b] € o(C). However, if a = 0 then [a,b] € C C o(C). If a > 0,
then [a, b] = Ny>1]tn, b] where (¢,),>1 is an arbitrary sequence
in R with ¢, 11 a. Since |t,,b] = [0,b] \ [0,t,] € o(C), we
conclude that [a,b] € o(C).

Exercise 3

www.probability.net


http://www.probability.net

Solutions to Exercises 41

Exercise 4.

1. Let a : RT™ — RT be right-continuous, non-decreasing with

a(0) > 0. Let f € L5°%(a), f > 0. Let t € R* and (£,)n>1 be
an arbitrary sequence in R™ such that ¢, || t. Then fljo,, —
J1j0,s) pointwise, and for all n > 1, we have:

|f1110,60] = fLio,e0] < flio,t]

while [ fljg,da < 400 since f € Lk 1OC( ), f > 0. From the
dominated convergence theorem (23), we obtain:

111}_1 /fl()t ]da—/flot]da

which shows that f.a(t,) — f.a(t). We have proved that f.a is
right-continuous. Let s,t € R*, s <t. Then, since f > 0:

s) = /fl[o,s]da < /fl[O,t]da = f.a(t)
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So f.a is non-decreasing. Finally, we have:

fa(0) = / fLioyda = £(0)da({0}) = F(0)a(0) > 0

We have proved that f.a is right-continuous, non-decreasing
with f.a(0) > 0. In particular, the Stieltjes measure d(f.a)
is well-defined, as per definition (24).

2. From theorem (21), = [ fda is a well defined measure on R*.
For all t € RT, we have:

d(f.a)([0,t]) = d(f.a)({0})+ d(f.a)(]0,t])
= f.a(0)+ f.a(t) — f.a(0)

= | jda=p(o,1)
[0,¢]

3. We claim that d(f.a)([0,7]N-) = p([0,T]N-) for all T € R™.
Define:

D={BeBRY : dfa)([0.T)NB) = u(0,TINB)} (4)
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and furthermore:
C=1{0,t] : teR"}

Then C is closed under finite intersection and since [0, T|N[0,¢] =
0,7 At] for all t € RT, it is clear from 2. that C C D. The
two measures involved in (4) being finite measures, D is easily
seen to be a Dynkin system on RT. From the Dynkin system
theorem (1), it follows that o(C) C D. Finally, since o(C) =
B(R™) (see exercise (3)), we conclude that B(R™) C D, which
shows that d(f.a)([0,7]N-) = u([0,T]N-). The proof that D is
indeed a Dynkin system goes as follows: the fact that R™ € D

follows from 2. and since f € Lﬁloc(a), [=0:
T
([0, T] A R*) = d(£.a)([0, T] N R*) = / fda < +oc
0

which shows that p([0,7] N ) and d(f.a)([0,7] N -) are indeed
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finite measures. Hence, if A, B € D with A C B we have:
d(f.a)([0, TN (B\ A)) = d(f.a)([0,T] N B)=d(f.a)([0,T] N A)
— ([0.7] 11 B)~u([0,7] 1 A)
= u([0,T]N(B\ A))
So B\ A € D. Note that the finiteness of the two measures
d(f.a)([0,T]N-) and w([0,T]N-) is very important when writing
the above equalities. Finally, if A,, € D, n > 1 and A,, T A,
then [0,7]N A, 1[0, T]N A, and from theorem (7), we have:

d(fa)(0.TINA) = lim d(f.a)([0,T]N Ay)
= lim (0,770 An)

u([0,7] 1 4)
So A € D, and D is indeed a Dynkin system on R™.

4. Tt follows from 3. that d(f.a)([0,n] N B) = u([0,n] N B) for all
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n>1and B € B(R"). Hence, using theorem (7):
d(fa)B) = Tm_d(fa)(0,n)"B)
= Jlm ([0, N B)

= wuB)
= / fda

B
This completes the proof of theorem (87).

Exercise 4
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Exercise 5.

1. Let a : RT™ — R™T be right-continuous, non-decreasing with

a(0) > 0. Let f € Léloc(a) and T € R*. From exercise (24)
(part 6) of Tutorial 14, we have dal®T] = da™. Hence, using
definition (45), we obtain:

t/UMOTda—/WﬂmWTL—/Wﬂ@

2. Since f € Léloc(a) we have:

/|f\1[0T]da—/ |flda < +o0

and furthermore, using 1.:
[171da” = [ 1fl10mda < +o0
So fl[O,T] S Lé(a) and f S LE(CLT)
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3. Let t € RT. Using definition (49), and dal®") = da™":

(f.a)"(t)

fa(T At)

TAt
/ fda
0

/1[0,T/\t]fda
/1[0,t]1[0,T]fda
/ 1o, fdal®"]

/ 1[0,t]fdaT

/0 fda™ = f.(aT)(1)
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So (f.a)T = f.(a™) and furthermore:

(fa)T(t) = / Lo.q10.r1/da

¢
= /0 Lo, fda = (fljo,1))-a(t)
We have proved that (f.a)” = f.(a™) = (f1j,1))-a.

4. Since a and a” are both right-continuous, non-decreasing with
non-negative initial values, since f € Lg(a) and flio ) €
L&(a), from theorem (86), both f.(a¥) and (flj7).a (and
therefore also (f.a)T from 3.) are right-continuous of bounded
variation. Furthermore, still from theorem (86), the complex
Stieltjes measures d(f.(a”)) and d((f1j,7).a) are respectively
equal to [ fda” and [ fljgrjda. We conclude from 3. that for
all B € B(R"):

A0 (B) = [ jad” = [ fromda
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5. In order to write d(f.a)T = d(f.a)([0,T] N -), the expression
d(f.a) must be meaningful. This is the case when f.a is right-
continuous, non-decreasing with f.a(0) > 0 (definition (24)),
or when f.a is right-continuous of bounded variation (defini-

tion (110)). However, We have assumed f € Lg loc(a) and not
f € L&(a). So we cannot apply theorem (86) to conclude that
f.ais right-continuous of bounded variation. We only know from
exercise (2) that f.a is right-continuous of finite variation. Fur-

thermore, we have not assumed that f € Lg loc( ) with f > 0.
So we cannot apply theorem (87) to conclude that f.a is right-
continuous, non-decreasing with f.a(0) > 0. We shall see in 9.
that f.a is of bounded variation, if and only if f € L{(a). Short
of this condition being satisfied (or f > 0), it is not meaningful
to write d(f.a). This explains that a lot of care is being taken
in this exercise to consider a’ and (f.a)7.

6. Having proved in 4. that d(f.a)? = = [ fljomda, from theo-
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rem (63), we have for all B € B(R"):

at-a)"1(B) = [ 1fl1101da

7. From exercise (2), f.a is right-continuous of finite variation. Ap-
plying theorem (84), we obtain:

|d(f.a)"| = d| f.al([0,T] ")
8. Let t € R™. Applying 6. and 7. to T = t, we obtain:

|f-al(t) d| f-a|([0, ])
= ld(f.a)'|(R")

a)(t)

Il
S—
o~
=
QL
IS
|
=
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9.

10.

From 8. we have for all t € R*:

\Fal(t) / flda < [ \7]da

and consequently sup,cg+ |f.a|(t) < [ |f|da. However, from the
monotone convergence theorem 19

[isida = tim_ [ 17110,da

nﬂgpoo\fﬂK n)
sup |f.al(t)

teR*

IN

So [ |flda = sup,cr+ |f-al(t) and f.a is of bounded variation, if
and only if f € L§(a).

Having proved in exercise (2) that f.a is right-continuous of
finite variation, from exercise (29) (part 4) of Tutorial 14, f.a
is cadlag, and consequently it is meaningful to speak of A(f.a),
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as per definition (111). We have:
A(fa)©0) = f.a(0)

= /fl{o}da

= f(0)da({0})
= f (O)a(O)
= f(0)Aa(0)

11. Let ¢ > 0 and (¢,)n>1 be a sequence in R such that ¢, 17 ¢.
Then, fljg,] — [l pointwise and [f[1j¢,) < |f|1[o,¢ for all
n > 1, with:

t
/ Flouda < / Floda = / |flda < +oo
0

From the dominated convergence theorem (23), we obtain:

hm flotn da = /fl[o,t[da

n—-+
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12. Let ¢t > 0 and (¢,)n>1 be a sequence in R* such that ¢, 17 ¢.
Using 11. we obtain:
A(fa)t) = falt)— falt-)
= fa(t)— lm f.a(t,)

n—-+oo

= f.a(t) — nliriloo fl[o,tn]da

= [f(t)da({t})

= f(HAa(t)
where the last equality stems from exercise (29) (part 5) of Tu-
torial 14. Having proved in 10. that A(f.a)(0) = ( )Aa(0) w
conclude that A(f.a)(t) = f(t)Aa(t) for all t € R
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13.

14.

Suppose that a is continuous with a(0) = 0. Since a is cadlag,
from exercise (29) (part 1) of Tutorial 14, we have Aa(t) = 0
for all t € RT. Tt follows from 12. that A(f.a)(t) = 0 for
all t € RT. Since f.a is right-continuous of finite variation
(exercise (2)), in particular it is cadlag (exercise (29) part 4 of
Tutorial 14) and consequently from A(f.a) = 0 we conclude
that f.a is continuous with f.a(0) = 0 (exercise (29) (part 1) of
Tutorial 14).

Given a : RT — RT right-continuous, non-decreasing with

a(0) > 0, and [ € Léloc(a), we proved in exercise (2) that
f.a is right-continuous of finite variation. We proved in 8. that
|f.a| = |f]-a and in 9. that f.a is of bounded variation if and
only if f € L§(a). Finally, we proved in 12. that A(f.a) = fAa.
This completes the proof of theorem (88).

Exercise 5
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Exercise 6.

1. Let a : RT™ — RT be right-continuous, non-decreasing with
a(0) > 0. Let b : R™ — C be right-continuous of finite variation.
We want to prove the equivalence between:

(1) djb| << da
(1) |dbT| << da , VT € RF
(4ii) db’ << da , VT € RT

Suppose (i) holds. Let T € R* and B € B(R") be such
that da(B) = 0. Since d|b| << da, from definition (96) we
have d|b|(B) = 0. In particular d|b|([0,7] N B) = 0. How-
ever, from theorem (84), d|b|([0,7] N ) = |dbT| and conse-
quently |db”|(B) = 0. This shows that |db”| << da and we
have proved that (i) = (i4). Conversely, suppose (ii) holds,
and let B € B(R") be such that da(B) = 0. Then, for all
T € R* we have |dbT|(B) = 0. However from theorem (84),
|dbT| = d|b|([0,T] N +). Since [0,n] N B 1 B, using theorem (7),
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we obtain:

dfp|(B)

lim _d|bl([0,n] 11 B)
= lim |db"|(B) =0

n—-+oo
This shows that d|b| << da and we have proved that (ii) = ().
So (i) and (ii) are equivalent. From exercise (1) of Tutorial 12,
|dbT | << da is equivalent to dbT << da. We conclude that (i)
and (i4i) are equivalent. So (7), (ii) and (ii7) are equivalent.

2. No, in general it does not make sense to write db << da, as b
being right-continuous of finite variation, it need not be right-
continuous, non-decreasing with 5(0) > 0, or right-continuous
of bounded variation. So it is not meaningful to speak of ’db’.

Exercise 6
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Exercise 7.

1. Let a : RT™ — RT be right-continuous, non-decreasing with
a(0) > 0. Let b : RT™ — C be right-continuous of finite vari-
ation. We assume that b is absolutely continuous with respect
to a, i.e. b << a. Let T € RT. From definition (113) we
have dbT << da. Since [0,n] T R* with da([0,n]) = a(n) <
+oo for all n > 1, the Stieltjes measure da is o-finite, while
dbT is a well-defined complex measure on (R*,B(R*)). Ap-
plying the Radon-Nikodym theorem (60), there exists fr €
LERT,B(R"),da) such that db” = [ frda. However, from
definition (112), L&(a) = LE(RT, B(R*),da). So there exists
fr € Li(a) such that db” = [ frda, i.e.:

dv" (B / frda , VB € B(R")

2. Let T, 7' € RT, T < T'. From exercise (24) of Tutorial 14, db”
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is the unique complex measure on R such that:
(i) db"({0}) = b(0)
(i4) Vs,t e RT s <t , db"(]s,t]) = b(T At) —b(T A s)
However, we have:
db™" (0,711 {0}) = db™ ({0}) = b(0)
and furthermore, given s,t € RT, s < t:
dbT([0,T)N)s, 1) = db” ()T As, T At])
= bT' ANTAt)—=b(T'NT As)
= b(TAt)—b(TANs)
It follows that the two complex measures db” ([0, T]N-) and dbT
coincide. Hence, for all B € B(R™):

/ frda = db” (]0,T)N B)
BN[0,T)
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= db"(B)

/Bdea

3. Let g = fr — frljom € L&(RY, B(R"), da). From 2. we have:
/ gda=0, VB € BR")
B

Using exercise (7) of Tutorial 12, we conclude that g = 0 da-a.s.
or equivalently, fr = fr1j0,7) da-a.s.

4. Let n,p € N, 1 <n < p. From 3. we have f, = f,1j9 da-
a.s. and consequently there exists some N, , € B(R") with
da(Npp) = 0 such that f,(x) = fp(z)ljn(z) for all x € NF .
Define N = Uj<p<pNpp. Then N € B(R*) and da(N) = 0.
Furthermore, for all 1 < n < p we have:

V;L‘ENC, fn( ) fp( )1[0n( )
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For all n > 1, define g, = f,1ne. Then g, € L&(a) and for all
1 <n < p we have g, = gp1jg ). Furthermore since da(N) = 0,
for all B € B(R™), using 1. we obtain:

" (B) = /B fuda

= /fnlcha—l—/fnlNda
B B

= /fnlchaz/gnda
B B

Renaming the g,’s as f,’s, we have found a sequence (fpn)n>1
in L&(a) such that for all 1 <n <p, f, = Iplio,n) and:

Wn>1, di"(B) :/ foda , VB € BRY)
B

5. Let f: RT — C be defined by f(t) = f,(t), where n > 1 is any
integer such that ¢t € [0,n]. Suppose n,p > 1 are two integers
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such that ¢ € [0,n] and ¢ € [0,p]. Without loss of generality,
we may assume that n < p. From 4. we have f, = f,1[ ),
and since ¢ € [0,n], we conclude that f,(t) = f,(t). So f is
unambiguously defined, i.e. f is well-defined.

6. Let B € B(C). Suppose t € {f € B}. Then t € R* and f(t) €
B. Let n > 1 be such that ¢ € [0,n]. Then f(t) = f,(t) and
consequently f,(t) € B. Sot € [0,n] N {f, € B}. This shows
that {f € B} C Up>1[0,n] N {fn, € B}. To show the reverse
inclusion, suppose that ¢ € [0,n] N {f, € B} for some n > 1.
Then ¢ € [0,n] and f,(t) € B. But f,(t) = f(t). So f(t) € B
and we have shown that U,>1[0,n] N {f, € B} C {f € B}.
Finally, we have proved that:

+oo

{feB}=Jl0,n]n{fn € B} (5)

n=1

7. Let B € B(C). From 4. each f, is an element of L{(a), and
in particular f, : (RT,B(R")) — (C,B(C)) is a measurable
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map. Hence, {f, € B} € B(R"). It follows from (5) that {f €
B} € B(R™), which shows that f : (R*,B(R™")) — (C,B(C))
is measurable.

8. Let t € RT and n > 1 be such that ¢ € [0,n]. Then:

t
/ flda = / Flo.nda
0
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where we have used that fact that f, € L&(a). Since f is mea-
surable, we conclude from definition (112) that f € Léloc(a).
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Furthermore, given ¢t € R* and n > 1 such that ¢ € [0, n]:

t
/fda = /fl[o,t]da
0

= /fl[o,t]l[o,n]da
= /fnl[o,t]l[o,n]da

= fnda
[0,¢]

= db"([0,])
0
b(n At) =b(t)
which shows that b = f.a.

9. Let a : RT™ — R™ be right-continuous, non-decreasing with
a(0) > 0. Let b : RT — C be right-continuous of finite variation.
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If b is absolutely continuous with respect to a, i.e. b << a, From
8. there exists f € LY 1OC( ) such that b = f.a, i.e.:

t
b(t):/ fda , Vte RT
0

Conversely, suppose there exists f € L& 1OC( ) such that b = f.a.
Then, from theorem (88), the total variation map of b is given
by [b] = |f.a] = |f]-a. It follows from theorem (87) that the
Stieltjes measure d|b| is given by:

db|(B) = d(|f|.a) / flda . VB € BR™)

Hence, if da(B) = 0, it is clear that d|b|(B) = 0, which shows
that d|b| << da, i.e. b is absolutely continuous with respect
to a. We have proved the equivalence stated in theorem (89).
Going back to 5., f was defined from the f,’s as f(t) = f,.(t) for
any n > 1 with t € [0,n]. Each f,, was fundamentally obtained
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in 1. (before some cleaning up in 4.) from an application of the
Radon-Nikodym theorem (60). Suppose now that b has values
in R. Given n > 1, we claim that the complex measure db" is
in fact a signed measure (i.e. a complex measure with values in
R). Indeed the complex measure Re(db™) is such that:

Re(db™)({0}) = Re(dh"({0})) = Re(b(0)) = b(0)
and furthermore, if s,t € R*, s < t:
Re(db™)(]s,t]) = Re(b(n At) —b(nAs)) =bnAt)—bnAs)

and from the uniqueness property proved in exercise (24) of
Tutorial 14, we conclude that Re(db™) = db™, and db™ is indeed

a signed measure. From theorem (60), it follows that each f,

may be assumed to be R-valued, and consequently f € Léloc(a)

may be assumed to lie in L;loc(a). Suppose now that b is non-
decreasing (so with values in R) with 5(0) > 0. Given n > 1,
the complex Stieltjes measure db” is in fact a finite measure on
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(RT,B(R™)), and from theorem (60), each f,, may be assumed
to be non-negative. This shows that f may be assumed to be
R-valued with f > 0. This completes the proof of theorem (89).

Exercise 7
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Exercise 8.

1. Let a
a(0) > 0. Let f,g € Léloc

67

: Rt — RT be right-continuous, non-decreasing with
(a) be such that f.a = g.a, i.e.:

¢ t
/ fdaz/ gda , ¥Vt € R
0 0

Let T € R" and B € B(R™").

/ fl[O,T]da
B

2. Let h = (f — g)1jo,7). From 2.

Using 4. of exercise (5), we have:

d(f.a)" (B)
d(g.a)"(B)

/ gl[O,T] da
B

of exercise (5), h € L&(a). So h
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is an element of L&(R*, B(R'),da) and furthermore from 1.:
/ hda =0, VB € B(R")
B

Using exercise (7) of Tutorial 12, we conclude that h = 0 da-a.s.
or equivalently fljo7) = gljo,1) da-a.s.

3. Given n > 1, from 2. we have flj ] = gljo,, da-a.s.. There
exists N,, € B(R™) with da(N,,) = 0 such that:

F(@)1j0,n)(x) = g()1j0,n) ()

for all z € N¢. Let N = U,>1N,. Then N € B(R"), da(N) =
0 and furthermore for all x € N€ we have f(z)lj(z) =
g(x)1jo,n(x) for all n > 1. So f(x) = g(x) for all z € N¢,
and we have proved that f = g da-a.s.

Exercise 8
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Exercise 9.

1. Let b : RT™ — C be right-continuous of finite variation. The
total variation map |b| is right-continuous, non-decreasing with
[b](0) > 0. Applying theorem (89) to b and |b|, there exists

h € LE°C(b]) such that b = h.[p|.
2. Let T € R* and B € B(R™). From 4. of exercise (5), we have:

db™ (B) :d(h.|b\)T(B):/ hd|b|"
However, from theorem (84), we have d|b|” = |db”|. Hence:

v (B /hd\b|T /h\de

3. Let T € RT. From theorem (63), the total variation of the
complex measure [ h|db”| is equal to [ |h||dbT|. Hence from 2.,
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for all B € B(R") we have:

[ 1mast =17 \8) = [ 1jab]
B B
Using exercise (7) of Tutorial 12, |h| = 1 |dbT|-a.s.

4. Let T € R*. We have proved in 3. that |h| = 1, |dbT|-a.s..
Hence, there exists N € B(R*) with |db”|(N) = 0 such that
|h|(x) =1 for all x € N€. It follows that {|h| # 1} C N and
consequently from theorem (84):

dbl([0, T]N {h #1}) [db™|({h # 1})

[dbT|(N) =0

IN

5. From 4. we have d[b[([0,n] N {|h] # 1}) = 0 for all n > 1, and
since [0,n] N {|h| # 1} T {|h] # 1}, from theorem (7):

API({A] £ 11) = lim_dbl([0, 7] N {1kl #1}) =0
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Taking N = {|h| # 1} we have found N € B(R™) such that
dlb|(N) = 0 and |h|(x) = 1 for all z € N¢. This shows that
|h| =1, d|b]-a.s.

6. Let b : RT — C be right-continuous of finite variation. From 1.

there exists h € Léloc(\bD such that b = h.|b]. However from
5. we have |h| = 1, d|b]-a.s.. Let N € B(RT) be such that
d|b]|(N) =0 and |h|(x) = 1 for all x € N°. Defining:

Then h* is measurable, and is d|b|-almost surely equal to h. So
h* e Léloc(|b\). Furthermore, |h*| =1 and for all t € RT:

t
/ h|b|
0
/ hljo.qdlt

b(t)
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= /h*1[07t]d|b‘
t

/ h*dlb|
0

Renaming h* by h, we have found h € Léloc(\bb with || = 1,
such that b = h.|b|. This completes the proof of theorem (90).

Exercise 9
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Exercise 10.

1. Let b : Rt — C be right-continuous of finite variation. Let

£ € LL(b). Let 