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15. Stieltjes Integration

Definition 112 b : RT — C is right-continuous of finite variation. The
Stieltjes L'-spaces associated with b are defined as:

L&(b) 2 {f Rt = C measumble,/|f|d|b| < —l—oo}

2

t
L) {f .R* - C measumble,/o | fld]b| < +o00,Vt € R+}

Warning : In these tutorials, fot ... refers to f[o R i.e. the domain of integra-
tion is always [0, t], not ]0, ¢, [0, ¢[, or ]0, ¢].

EXERCISE 1. b: R — C is right-continuous of finite variation.

1. Propose a definition for Ly (b) and Lﬁloc(b).
2. Is L&(b) the same thing as LG(RT, B(R™),d|b])?
3. Is it meaningful to speak of L&(R™, B(R™),|db|)?

4. Show that LL(b) = L& (|b]) and LEC(b) = LE°(jb)).
5. Show that L& (b) C LE°C(b).

EXERCISE 2. Let a : RT — R be right-continuous, non-decreasing with a(0) >
0. For all f € Lé’loc(a), we define f.a: RT — C as:

t
é/fda,\ﬁem
0

1. Explain why f.a: Rt — C is a well-defined map.

2. Let t € Rt (t,)n>1 be a sequence in RT with ¢,, || ¢. Show:

ngr—ir-loo/fl[o’t"]da = /fl[()’t]da

3. Show that f.a is right-continuous.

4. Let t € RT and ¢y < ... <1, be a finite sequence in [0,¢]. Show:

Z|fa ~ falt, 1>|</M flda

5. Show that f.a is a map of finite variation with:

\.al(t) / \flda , ¥t € R*
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EXERCISE 3. Let a : RT — R™ be right-continuous, non-decreasing with a(0) >
0. Let f € L&(a).

1. Show that f.a is a right-continuous map of bounded variation.
2. Show d(f.a)([0,t]) = v([0,t]), for all ¢t € R, where v = [ fda.

3. Prove the following:

Theorem 86 Let a : Rt — RT be right-continuous, non-decreasing with
a(0) > 0. Let f € L&(a). The map f.a: RT — C defined by:

fa(t) é/ot fda , ¥t € RT

is a right-continuous map of bounded variation, and its associated complex Stielt-
jes measure is given by d(f.a) = [ fda, i.e.

d(f.a)(B) = /B fda , VB € B(R™)

EXERCISE 4. Let a : RT — R be right-continuous, non-decreasing with a(0) >
0. Let f € L;loc(a)7 f=>0.

1. Show f.a is right-continuous, non-decreasing with f.a(0) > 0.

2. Show d(f.a)([0,t]) = p([0,t]), for all t € RT, where u = [ fda.
3. Prove that d(f.a)([0,7]N -) = u([0,T]N ), for all T € RT.
4. Prove with the following:

Theorem 87 Let a : Rt — RT be right-continuous, non-decreasing with
a(0) > 0. Let f € Lﬁloc(a), f>0. The map f.a: RT — RT defined by:

falt) é/ot fda , vt e RY

is right-continuous, non-decreasing with (f.a)(0) > 0, and its associated Stieltjes
measure is given by d(f.a) = [ fda, i.e.

d(f.a)(B) = /B fda , VB € B(R*)

EXERCISE 5. Let a : RT — R be right-continuous, non-decreasing with a(0) >
0. Let f € Lé’loc(a) and T € R*.

1. Show that [ |f|1pmda = [|f|dal®T) = [|f|da”.
2. Show that fljo ) € Li(a) and f € L (a™).
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3.
4.

10.
11.

12.

13.

14.

Show that (f.a)” = f.(a¥) = (f1j0,1))-a.
Show that for all B € B(R™):

d(ray'(B) = [ fdat = [ fromda
B B
Explain why it does not in general make sense to write:
d(f.a)" = d(f.a)([0,T]N -)
Show that for all B € B(R™):

d(7a)I(B) = [ |fl10mde
B

Show that |d(f.a)T| = d|f.al([0,T] N -)

Show that for all t € R
. = . = d
|f.al(t) = (|f].a)(t) /0 | flda

Show that f.a is of bounded variation if and only if f € L&(a).
Show that A(f.a)(0) = f(0)Aa(0).

Let t > 0, (tn)n>1 be a sequence in RY with ¢, 11 t. Show:

lim /fl[()’tn]da: /f]-[O,t[da’

n—-+o0o

Show that A(f.a)(t) = f(t)Aa(t) for all t € RT.

Show that if a is continuous with a(0) = 0, then f.a is itself continuous
with (f.a)(0) = 0.

Prove with the following:

Theorem 88 Let a : RT — R be right-continuous, non-decreasing with
a(0) > 0. Let f € Léloc(a). The map f.a : RY — C defined by:

falt) é/t fda , Vt e R*
0

is right-continuous of finite variation, and we have |f.a| = |f|.a, i.e.

t
\Fal(t) = / flda, vt e RY

In particular, f.a is of bounded variation if and only if f € L&(a). Furthermore,
we have A(f.a) = fAa.
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EXERCISE 6. Let a : RT — R™ be right-continuous, non-decreasing with a(0) >
0. Let b: R™ — C be right-continuous of finite variation.

1. Prove the equivalence between the following:
(7) dlb] << da
(i) |db"| << da , VT € RT
(i) db" << da , YT € RT

2. Does it make sense in general to write db << da?
Definition 113 Let a : RT — R* be right-continuous, non-decreasing with
a(0) > 0. Letb: Rt — C be right-continuous of finite variation. We say that b

is absolutely continuous with respect to a, and we write b << a, if and only
if, one of the following holds:

(i) dlb] << da
(i) |dbT| << da , VT € R
(i) db" << da , VT € RT

In other words, b is absolutely continuous w.r. to a, if and only if the Stieltjes
measure associated with the total variation of b is absolutely continuous w.r. to
the Stieltjes measure associated with a.

EXERCISE 7. Let a : RT — R be right-continuous, non-decreasing with a(0) >
0. Let b : RT — C be right-continuous of finite variation, absolutely continuous
w.r. to a, i.e. with b << a.

1. Show that for all T' € R™, there exits fr € Li(a) such that:

db™ (B) :/ frda , VB € B(R")
B

2. Suppose that 7,7 € R™ and T < T”. Show that:
/ dea :/ fT/da , VB € B(RJr)
B B[0,T]

3. Show that fr = fol[o’T] da-a.s.

4. Show the existence of a sequence (fy,),>1 in Lg(a), such that for all 1 <
n<p, fn= fp]-[O,n] and:

¥n>1, db"(B) :/ foda , VB € BRY)
B

5. We define f: (RT,B(R")) — (C,B(C)) by:

Vte RY, f(t) 2 fu(t) forany n>1: t € [0,n]
Explain why f is unambiguously defined.
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6. Show that for all B € B(C), {f € B} =U/>5[0,n] N {f. € B}.
7. Show that f: (RT,B(R")) — (C,B(C)) is measurable.

8. Show that f € Lé’loc(a) and that we have:

t
b(t):/ fda , vVt € R
0

9. Prove the following:

Theorem 89 Let a : RT — RT be right-continuous, non-decreasing with
a(0) > 0. Let b: Rt — C be a right-continuous map of finite variation. Then,
b is absolutely continuous w.r. to a, i.e. d|b| << da, if and only if there exists

fe Lé’loc(a) such that b= f.a, i.e.
¢
b(t) :/ fda , vte R"
0

If b is R-valued, we can assume that f € Lﬁloc(a).
If b is non-decreasing with b(0) > 0, we can assume that f > 0.

EXERCISE 8. Let a : RT — R™ be right-continuous, non-decreasing with a(0) >
0. Let f,g € Léloc(a) be such that f.a = g.a, i.e.:

t t
/fdaz/gda,Vt€R+
0 0

1. Show that for all T € R* and B € B(R"):
Ata)"(B) = [ fromda= [ gonda

2. Show that for all T'e R, fljo 7] = gl 1] da-a.s.

3. Show that f = g da-a.s.

EXERCISE 9. b: RT — C is right-continuous of finite variation.

1. Show the existence of h € Lé’loc(|b|) such that b = h.|b|.

2. Show that for all B € B(R*) and T € R*:
AT (B) = / hajp|” = / h|db™|
B B

. Show that |h| =1 |dbT|-a.s. for all T € R*.

w

4. Show that for all T € R*, d|b|([0,T] N {|h| # 1}) = 0.
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5. Show that |h| =1 d|b|-a.s.

6. Prove the following;:

Theorem 90 Let b: Rt — C be right-continuous of finite variation. There
exists h € Léloc(|b|) such that |h| =1 and b = h.|b], i.e.

t
b(t) :/ hdlb| , V¢ € RY
0

Definition 114 b : RT — C is right-continuous of finite variation. For all
f € L(b), the Stieltjes integral of f with respect to b, is defined as:

/fdbé/fhd|b|

where h € Lélac(|b|) is such that |h| =1 and b = h.|b|.

Warning : the notation [ fdb of definition (114) is controversial and potentially
confusing: db’ is not in general a complex measure on R T, unless b is of bounded
variation.

EXERCISE 10. b: R™ — C is right-continuous of finite variation.
1. Show that if f € L&(b), then [ fhd|b| is well-defined.
2. Explain why, given f € Lg(b), [ fdb is unambiguously defined.

3. Show that if b is right-continuous, non-decreasing with b(0) > 0, defini-
tion (114) of [ fdb coincides with that of an integral w.r. to the Stieltjes
measure db.

4. Show that if b is a right-continuous map of bounded variation, defini-
tion (114) of [ fdb coincides with that of an integral w.r. to the complex
Stieltjes measure db.

EXERCISE 11. Let b : RT — C be a right-continuous map of finite variation.
For all f € Lé’loc(b), we define f.b: RT — C as:

t
f.b(t)é/ fdbé/fl[wdb, Vte RT
0

1. Explain why f.b: RT — C is a well-defined map.

2. If b is right-continuous, non-decreasing with b(0) > 0, show this definition
of f.b coincides with that of theorem (88).

3. Show f.b = (fh).|b|, where h € Lgloc(|b|), |h| =1, b=h.|b].
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4.

Show that f.b : Rt — C is right-continuous of finite variation, with

0] = LB, i
t
28l = [ Ifla, v e R
0
Show that f.b is of bounded variation if and only if f € Lg(b).

Show that A(f.b) = fAb.

Show that if b is continuous with b(0) = 0, then f.b is itself continuous
with (f.b)(0) = 0.

Prove the following:

Theorem 91 Let b: RT — C be right-continuous of finite variation. For all
fe Léloc(b), the map f.b: RT — C defined by:

Fht) 2 /0 t fdb , ¥t e RT

is right-continuous of finite variation, and we have |f.b] = |f].|b], i.e.

£](8) = / ldle| , Ve e RY

In particular, f.bis of bounded variation if and only if f € L&(b). Furthermore,
we have A(f.b) = fAb.

EXERCISE 12. Let b : RT — C be right-continuous of finite variation. Let
f € LE°(b) and T € R+

1.
2.

3
4.
)
6

Show that [ {1 rdlb] = [ |F1dblOT) = [ |£1dls7].
Show that fli 7] € Lg(b) and f € L (bT).

. Show bT = h.[bT|, where h € LEC(b)), |h| = 1, b = h.[o].

Show that (f.b)" = f.(b") = (f1jo,1))-b

. Show that d|f.b|(B) = [ |f|d|b| for all B € B(R™).

. Let g : RT — C be a measurable map. Show the equivalence:

1 1
g€ Lg™(1.b) & gf € Lg"(b)
Show that d(f.b)"(B) = [ fhd|b"| for all B € B(R™).
Show that db” = [ hd|b”| and conclude that:

d(f.b)"(B) = /B fav" |, VB € B(R")
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9. Let g € Léloc(f.b). Show that g € L&((f.b)T) and:
/g1[07t]d(f.b)T = /gf1[07t]de , VteR"

10. Show that g. ((f.)T) = (gf).(b7).
11. Show that (g.(f.b)) = ((gf).b)T.
12. Show that g.(f.b) = (¢gf).b

13. Prove the following;:

Theorem 92 Let b: Rt — C be right-continuous of finite variation. For all

fe Lélac(b) and g : (RT,B(R")) — (C,B(C)) measurable map, we have the
equivalence:

g€ Lg (1) & gf € LG W)
and when such condition is satisfied, g.(f.b) = (fg).b, i.e.

/Otgd(f.b)—/otgfdb, vte RY

EXERCISE 13. Let b : RT — C be right-continuous of finite variation. let
fig € Léloc(b) and o € C. Show that f + ag € Lé’loc(b), and:

(f +ag).b= fb+a(g.b)

EXERCISE 14. Let b,c : RT — C be two right-continuous maps of finite varia-
tions. Let f € Lé’loc(b) N Lé’loc(c) and a € C.

1. Show that for all T € R*, d(b+ ac)” = db” + adc®.

2. Show that for all T € R, d|b + ac|T < d|b|T + |ald|c|.

3. Show that d[b + ac| < d|b] + |a|d|c].

4. Show that f € L5°(b + ac).

5. Show d(f.(b+ ac))T(B) = [,, fd(b+ ac)T for all B € BR™).
6. Show that d(f.(b+ ac))” = d(f.)T + ad(f.c)".

7. Show that (£.(b + ac))” = (£:0)7 + a(f.c)T

8. Show that £.(b + ac) = f.b+ a(f.c).

EXERCISE 15. Let b : RT — C be right-continuous of finite variation.

1. Show that d|b| < d|b1| + d|ba|, where by = Re(b) and by = I'm(b).
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2.

3.

4.

Show that d|by| < d|b| and dlbs| < dlb|.
Show that f € L5°C(b), if and only if:

1 1 - 1 1 _
£ e Lg 2 (ba*) N Lg (o] ™) N Lg ™ (b2l N Lg (1621 7)

Show that if f € L51€(b), for all t € R*:

/0 b = / il - / bl ( / fdlbal* / tfdlbzl‘)

EXERCISE 16. Let a : RT — R™ be right-continuous, non-decreasing with
a(0) > 0. We define ¢ : RT — [0, +-00] as:

c(t) Einf{s e R*: t<als)}, ¥t e RF

where it is understood that inf ) = +oo. Let s,t € RT.

1.

= W

I -

10.
11.

12.

13.
14.

15.

Show that ¢t < a(s) = c(t) < s.
Show that c(t) < s = t < a(s).

Show that c(t) <s = t<a(s+¢), Ve > 0.
Show that ¢(t) < s = t < a(s).

Show that ¢(t) < +oo & ¢ < a(o0).

Show that ¢ is non-decreasing.

Show that if ¢¢ € [a(c0), +00[, ¢ is right-continuous at tg.

Suppose to € [0,a(c0)[. Given € > 0, show the existence of s € R, such
that c(tg) < s < ¢(tog) + € and ty < a(s).

Show that ¢ € [to,a(s)] = c(to) < c(t) < c(to) + e
Show that ¢ is right-continuous.

Show that if a(co) = 400, then ¢ is a map ¢ : R™ — R™ which is right-
continuous, non-decreasing with ¢(0) > 0.

We define a(s) = inf{t € R": s < ¢(t)} for all s € RT. Show that for all
s, t eRY, s <c(t) = a(s) <t.

Show that a < a.
Show that for all s, € RT and € > 0:

a(s+e€) <t = s<s+e<ct)

Show that for all s,t € RT and € > 0, a(s +¢) <t = a(s) <t.
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16. Show that a < a and conclude that:
a(s)=inf{t e R*: s<c(t)}, Vse R

EXERCISE 17. Let f : Rt — R be a non-decreasing map. Let a € R. We
define:

Zo £ sup{r € RT: f(z) < a}
1. Explain why zg = —oo if and only if {f < a} = 0.
2. Show that zg = +oc if and only if {f < a} = R™*.
We assume from now on that zg # £oo. Show that zo € R™.
Show that if f(z¢) < a then {f < a} = [0, z].
Show that if o < f(zg) then {f < a} = [0, zol.

A

Conclude that f: (RT, B(R")) — (R, B(R)) is measurable.

EXERCISE 18. Let @ : RT — R™ be right-continuous, non-decreasing with
a(0) > 0. We define ¢ : RT — [0, +00] as:

c(t) Einf{s e R": t<als)}, ¥t eRT

1. Let f : RT — [0,+00] be non-negative and measurable. Show (f o
¢)1{cc 400} is well-defined, non-negative and measurable.

2. Let t,u € RT, and ds be the Lebesgue measure on R*. Show:

a(t)
/O (1[O,u] o C)]-{c<+oo}ds < /1[O,a(t/\u)]1{c<+oo}ds

3. Show that: o
/ (Ljo,u] © )1 {ectoords < aft Au)
0

4. Show that:
a(t) a(t)
a(t Nu) = /O Ljo,a(u)ds = /0 Lio,a(w)[1{c<too}ds

5. Show that: o
a’(t A u) < / (1[O,u] © C)]-{c<+oo}ds
0

6. Show that:
t a(t)
/ 1[O,u]da = / (l[O,u] © C)]-{c<+oo}ds
0 0
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7. Define:
A t a(t)
Dy =<B¢€ B(R+) : / 1pda = / (1po C)l{c<+oo}ds
0 0

Show that D; is a Dynkin system on R*, and D; = B(R™).

8. Show that if f: RT — [0, +0oc] is non-negative measurable:

t a(t)
/ fda = / (foc)lfccqonrds , VYt € R*
0 0

9. Let f: RT™ — C be measurable. Show that (f o ¢)l{cc ooy is itself well-
defined and measurable.

10. Show that if f € Lé’loc(a), then for all £ € RT, we have:
(f 0 O)lgectoot 0.0t € Le(RT, B(RT), ds)

t a(t)
/ fda = / (fo C)]-{c<+oo}ds
0 0

11. Show that we also have:

/ot fda= /(f o ¢)10,a(t)[ds

12. Conclude with the following:

and furthermore:

Theorem 93 Let a : Rt — RT be right-continuous, non-decreasing with
a(0) > 0. We define c: RT — [0, +0o0] as:

e(t) 2 inf{se Rt : t<a(s)}, VteRT

Then, for all f € Léloc(a), we have:

t a(t)
/ fda = / ((f 0 )l (ocso))(s)ds , Vi € R
0 0
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Solutions to Exercises
Exercise 1.
1. Let b : RT — C be right-continuous of finite variation. In line with
definition (112), it is natural to define:
L%{(b)é{f :RT—R measurable,/|f|d|b| <+oo}

t
Lﬁloc(b)é{f :RT"—=R measurable,/ | f1d|b] < 400, ¥t € R+}
0
2. Yes, L&(b) and LE(RT, B(R™), d|b]) are the same thing.

3. No, L&(R*T,B(R™), |db|) may not be meaningful. The complex Stielt-
jes measure db is well-defined by definition (110), provided b is right-
continuous of bounded variation, not just right-continuous of finite varia-
tion.

4. Since |b| is non-decreasing with [b/(0) > 0, the total variation of |b| is
itself, i.e. ||b]| = |b]. Looking back at definition (112), it follows that

LL(b) = L5 (b)) and L5°°(b) = L5°(jb)).

5. Let f € L&(b). Then f : (RT,B(R")) — (C,B(C)) is measurable and
for all t € R*, we have:

t
yAN
/ Flap| 2 /[ Il = / Floadb] < / |Fldpb] < +o0
0 0,

so fe Léloc(b) and we have proved that Lg(b) C Léloc(b).
Exercise 1
Exercise 2.

1. Let a : R™ — R* be right-continuous, non-decreasing with a(0) > 0. In
particular, a is right-continuous of finite variation, and the space Léloc(a)

is well-defined as per definition (112). Let f € Lé’loc(a). We define
fa:RT — C as:

falt) é/ot fda . ¥t e R*

Given t € R™, the map fly, is measurable and since |a| = a with

fe Léloc(a), we have:

t
/ Floda = / |fldlal < +oo
0

So flyp,y is also integrable with respect to the Stieltjes measure da. It

follows that the integral fot fda is well-defined. This being true for all
t € Rt, the map f.a: RT — C is well-defined.
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2. Let t € R" and (¢,)n>1 be a sequence in RT such that ¢, || ¢, i.e. ¢, —t
and t < t,41 <ty for all n > 1. We have fljg¢,] — f1jo, pointwise, and
furthermore |f|1jo,] < |f[1j0,¢,) With:

n] =

t1
/VWwﬁm:/‘UMa<+m
0

From the dominated convergence theorem (23), we obtain:

ngr—ir-loo/flot"]da_/flot]da

3. From 2. we see that f.a(t,) — f.a(t), for all t € R* and (¢,,),>1 sequence
in R* with ¢, || t. This shows that f.a is right-continuous. To those
who may not be convinced by this conclusion, we may offer the following
argument (we shall not repeat it very often): the fact that f.a is right-
continuous is equivalent to the fact that for all t € R™ and for all U open
sets in C with f.a(t) € U, there exists u € RT, ¢ < u, such that:

s €Jt,ul = f.a(s)eU (1)

If this is not the case, then there exists some ¢t € Rt and U open set in C
with f.a(t) € U, such that for all u € R*, ¢t < u, the implication (1) does
not hold. Take u =t 4 1. Since the implication (1) does not hold, there
exists t1 €]t,u[ such that f.a(t1) ¢ U. Take v = min(¢+1/2,¢1). Since the
implication (1) does not hold, there exists t2 €]t, u[ such that f.a(tz) ¢ U.
Note in particular that ¢t < to < t+1/2 and t < to <t; (even ty < t; but
we don’t really care). By induction, we may construct a sequence (¢, )n>1
such that t < ¢, <t+1/n, t < t,4+1 <t, and f.a(t,) € U for all n > 1.
In particular, we have t,, || t and consequently f.a(t,) — f.a(t). But this
contradicts the fact that U is open with f.a(t) € U and f.a(t,) ¢ U for
all n > 1. This contradiction ensures that f.a is right-continuous.

4. Let t € RT and tg < ... < t,, be a finite sequence in [0,t], n > 1. For all
i€{1,...,n}, we have:

Falt) - faltiy) = UijM—/ijJM

— ‘/fl]tihti]da

< /|f|1]t¢—1,t¢]da
and consequently:

Z|f.a(ti) — fa(tio)| < Z/|f|1]t1‘,—1,ti]da
i=1 =1

/ |f| 1]t0,tn]da
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< / | [10.4da

5. It follows from 4. that [ |f|1)o 4 da is an upper-bound of all sums Y7, | f.a(t;)—
fa(ti—1)| as tg < ... < t, runs through the set of all finite sequences in
[0,t], n > 1. Since |f.a|(t) — | f.a(0)] is the smallest of such upper-bounds,
we obtain:

|Fal(t) — |£.a(0)] < / [10.4da (2)

Furthermore, we have:

Fa(0)] = \ [ f10yde

~

< /|f|1{o}da (3

From (2), (3) and f € Lé’loc(a), we conclude that:

t
\fal(t) < / Fllo.qda = / \flda < +o0

So f.a is a map of finite variation.
Exercise 2
Exercise 3.
1. Let a: R — R™ be right-continuous, non-decreasing with a(0) > 0. Let

f € LE(a). In particular, f € Léloc(a) and from exercise (2) we know
that f.a defined by:

fat) = /Ot fda , vt e RT

is well-defined, right-continuous and of finite variation, with:
\.al(t) §/0t|f|da, e R*
Since f € Lg(a), it follows that:
fal() = sup [fal(t) < [ |flda < +o0
teR*

So f.a is of bounded variation. We have proved that f.a is right-continuous
of bounded variation.

2. Let v = [ fda. Since f € Li(a) = LER*T,B(R"),da), from theo-
rem (63), v is a complex measure on (R, B(R")). Since f.a is right-

continuous of bounded variation, its complex Stieltjes measure d(f.a) is
well-defined as per definition (110). For all t € R, we have:

d(f.a)([0,t]) = d(f.a)({0}) + d(f.a)(]0,])
= f.a(0) + f.a(t) — f.a(0)

fda = v([0,t])
[0,¢]
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3. In order to prove theorem (86), we need to show that d(f.a) = v. Define
D ={B e BR") : d(fa)(B) =v(B)}and C = {[0,t] : t € RT}.
From 2. we have C C D. Since C is closed under finite intersection and D
is a Dynkin system on R, from the Dynkin system theorem (1) we have
o(C) C D, where o(C) is the o-algebra on R* generated by C. However,
one can easily show that that o(C) = B(R"). We conclude that B(R*) C
D and finally d(f.a) = v. This completes the proof of theorem (86). For
those who want to say more, here is the following: A, Be€C = ANB e
is clear. d(f.a) and v are two complex measures on R*, so D is shown to
be a Dynkin system as follows:

d(fa)(RT) = lim d(f.a)(0,n])
= lim f.a(n)

n—-—+oo

= lim fda

n—-+o0o [O,n]

= lim v([0,n]) = v(R")

n—-+o0o

where the first and last equality stem from exercise (13) of Tutorial 12.
SoRT € D. If A,Be€ D, AC B, then B\ A € Dis clear. If A, € D,
n>1and A, T A, then from exercise (13) of Tutorial 12, we have:

Afa)(A4) = Tim d(fa)(4,) = lim_ v(A,)=v(A)

So A € D. Having proved that D is a Dynkin system, it remains to show
that o(C) = B(R™"). Since C C B(R™"), it is clear that o(C) € B(R™T). To
show the reverse inclusion, we need to show that any open set in R* is an
element of o(C). However, any non-empty open set in R can be written as
a countable union of closed intervals [a, b] with a < b. Tt follows that any
non-empty open set in R* can be written as a countable union of closed
intervals [a, b] with a,b € R*, a < b. Since 0 € o(C), all we need to do is
show that for all a,b € R, a < b, we have [a,b] € o(C). However, if a = 0
then [a,b] € C C o(C). If a > 0, then [a,b] = Np>1]t,, b] where (t,)n>1 is
an arbitrary sequence in R* with ¢, 11 a. Since |t,,b] = [0,0] \ [0,t,] €
o(C), we conclude that [a,b] € o(C).

Exercise 3
Exercise 4.

1. Let a: RT — R be right-continuous, non-decreasing with a(0) > 0. Let

fe Lﬁloc(a)7 f>0. Let t € R" and (¢,)n>1 be an arbitrary sequence in
R such that ¢, || . Then f1o,t,] = fljo,q pointwise, and for all n > 1,
we have:

|f1110,60) = fLio,6,) < fLio,]
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while [ f1jo,)da < +o0 since f € Lﬁloc(a)7 f > 0. From the dominated

convergence theorem (23), we obtain:

1im /fl[()’tn]da: /f1[07t]da

n—-+o0o

which shows that f.a(t,) — f.a(t). We have proved that f.a is right-
continuous. Let s, € RT, s < t. Then, since f > 0:

fa(s) = /fl[o,s]da < /.fl[O,t]da = f.a(t)

So f.a is non-decreasing. Finally, we have:

f.a(0) = / flioyda = £(0)da({0}) = £(0)a(0) >0

We have proved that f.a is right-continuous, non-decreasing with f.a(0) >
0. In particular, the Stieltjes measure d(f.a) is well-defined, as per defini-
tion (24).

2. From theorem (21), u = [ fda is a well defined measure on R*. For all
t € RT, we have:

d(f.a)((0,1])

d(f.a)({0}) + d(f.a)(]0,¢])
= f.a(0) + f.a(t) — f.a(0)

/[O Jda = u(0.)

3. We claim that d(f.a)([0,7]N-) = u([0,T] N -) for all T' € RT. Define:

D={BeBR") : d(fa)([0,T]NB) = u([0,T]N B)} (4)

and furthermore:
C=1{0,t] : teR"}

Then C is closed under finite intersection and since [0, 7]N0,¢] = [0,T At]
for all t € R, it is clear from 2. that C C D. The two measures involved
in (4) being finite measures, D is easily seen to be a Dynkin system on R*.
From the Dynkin system theorem (1), it follows that ¢(C) C D. Finally,
since o(C) = B(R™) (see exercise (3)), we conclude that B(R*) C D,

which shows that d(f.a)([0,7]N-) = u([0,T] N -). The proof that D is
indeed a Dynkin system goes as follows: the fact that Rt € D follows

from 2. and since f € Lﬁloc(a), f>0:
T
w([0,T)NRT) =d(f.a)([0,T|NRT) = / fda < +o0
0

which shows that p([0,7]N ) and d(f.a)([0,T]N ) are indeed finite mea-
sures. Hence, if A, B € D with A C B we have:

d(f.a)([0,T]N(B\ A)) = d(f.a)([0,T] N B)=d(f.a)([0,T] N A)
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— ([0, 7)1 B)—pu([0,T] N 4)
= u([0.T)N (B 4))

So B\ A € D. Note that the finiteness of the two measures d(f.a)([0,7]N
-) and p([0,7] N -) is very important when writing the above equalities.
Finally, if A, € D, n > 1 and A, T A, then [0,7]N A4, 1[0,7]N A, and
from theorem (7), we have:

ALa)(0.T]NA) = T d(£.a)(0,7]N Ay)
=l u([0.T]0 An)

u([0,7]1 4)

So A € D, and D is indeed a Dynkin system on R*.

4. Tt follows from 3. that d(f.a)([0,n] N B) = u([0,n] N B) for all n > 1 and
B € B(R™). Hence, using theorem (7):

d(f.a)(B) = lm d(f.a)([0,n]NB)
= ngrfmu([() n] N B)

:/dea

This completes the proof of theorem (87).

Exercise 4

Exercise 5.

1. Let a : RT — R™T be right-continuous, non-decreasing with a(0) > 0. Let

ferLg 1OC( )and T € RT. From exercise (24) (part 6) of Tutorial 14, we
have da[o Tl = da™. Hence, using definition (45), we obtain:

[ 1itomda = [ 171aa®0 = [71da

2. Since f € L§ 1OC( ), we have:

/|f|1[0T]da—/ |flda < 400

and furthermore, using 1.:

/|f|daT _ /|f|1[O,T]da < +o0

So fljo1 € Lg(a) and f € Li(a™).
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3. Let t € R*. Using definition (49), and dal®"! = da"
(fa()) = fa(TAt)

TAL
= / fda
0

/1[O,T/\t]fda
/1[0,t]1[0,T]fda
= /Ho,ﬂfdamm
/ 1jo, fda”

¢
| #da” = 1.

0
So (f.a)t = f.(aT) and furthermore:

(fa)'(t) = /1[0,t]1[o,T]fda

¢
= /0 Lio,r1fda = (fljo,17)-a(t)
We have proved that (f.a)" = f.(a™) = (f1j0,1)-a-

4. Since a and a” are both right-continuous, non-decreasing with non-negative
initial values, since f € Lg(a”) and fli ) € L(a), from theorem (86),
both f.(a”) and (f1j 77).a (and therefore also (f.a)” from 3.) are right-
continuous of bounded variation. Furthermore, still from theorem (86),
the complex Stieltjes measures d(f.(a”)) and d((f1jo,7]).a) are respec-
tively equal to [ fda” and [ f1jrjda. We conclude from 3. that for all
B € B(R"):

ara)(B) = [ o = [ Plonda

5. In order to write d(f.a)” = d(f.a)([0,T]N-), the expression d(f.a) must be
meaningful. This is the case when f.a is right-continuous, non-decreasing
with f.a(0) > 0 (definition (24)), or when f.a is right-continuous of
bounded variation (definition (110)). However, We have assumed f €
Lé’loc(a) and not f € L&(a). So we cannot apply theorem (86) to con-
clude that f.a is right-continuous of bounded variation. We only know
from exercise (2) that f.a is right-continuous of finite variation. Fur-

thermore, we have not assumed that f € Léloc(a) with f > 0. So we
cannot apply theorem (87) to conclude that f.a is right-continuous, non-
decreasing with f.a(0) > 0. We shall see in 9. that f.a is of bounded
variation, if and only if f € Li(a). Short of this condition being satisfied
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10.

(or f > 0), it is not meaningful to write d(f.a). This explains that a lot
of care is being taken in this exercise to consider a” and (f.a)7.

Having proved in 4. that d(f.a)” = ff1[07T]da, from theorem (63), we
have for all B € B(R"):

(70" |(B) = [ |fl10mde
B

From exercise (2), f.a is right-continuous of finite variation. Applying
theorem (84), we obtain:

|d(f.a)"| = d|f.al([0,T]N")
Let t € RT. Applying 6. and 7. to T' = ¢, we obtain:

|f.al(®) = d|f.al([0,2])
jd(f.a)'|(RT)

/|f|1[0’t]da

/ flda = (f].a)()
0

From 8. we have for all t € R*:

al(t) = [ o< [ 1

and consequently sup,cg+ | f.a|(t) < [|f|da. However, from the monotone
convergence theorem (19):

[istda = tim_ [ 17]0da

— tim_|fal()
< sup |f.a|(t)
teRT
So [ |flda = supycgr+ | f-a|(t) and f.a is of bounded variation, if and only
if f € L&(a).

Having proved in exercise (2) that f.a is right-continuous of finite varia-
tion, from exercise (29) (part 4) of Tutorial 14, f.a is cadlag, and conse-
quently it is meaningful to speak of A(f.a), as per definition (111). We
have:

A(f.a)(0) =

= /fl{o}da

= f(0)da({0})
f (0)a(0)
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= f(0)Aa(0)

11. Let ¢ > 0 and (¢,)n>1 be a sequence in RT such that ¢, 11 ¢. Then,
TLo.t,) = flio, pointwise and |f[1jg,) < [f[1[o,¢ for all n > 1, with:

t
/ llpsda < / Floda = / |flda < +oo

From the dominated convergence theorem (23), we obtain:

lim  flp,, daf/flo,f[da

n—-+oo

12. Let t > 0 and (5,)n>1 be a sequence in RT such that ¢, 11 ¢. Using 11.
we obtain:
A(f.a)(t) = fa(t)— falt-)
= fua(t)— lm f.a(t,)

n—-+o0o

= — lim /flOtn]da

n—-—+00

= /flot]da—/flot[da
= /fl{t}da

= [f(O)da({t})
= f(H)Aa(t)
where the last equality stems from exercise (29) (part 5) of Tutorial 14.

Having proved in 10. that A(f.a)(0) = f(0)Aa(0) we conclude that A(f.a)(t) =

f(t)Aa(t) for all t € RT.

13. Suppose that a is continuous with a(0) = 0. Since a is cadlag, from ex-
ercise (29) (part 1) of Tutorial 14, we have Aa(t) = 0 for all t € RT. Tt
follows from 12. that A(f.a)(t) = 0 for all ¢ € RT. Since f.a is right-
continuous of finite variation (exercise (2)), in particular it is cadlag (ex-
ercise (29) part 4 of Tutorial 14) and consequently from A(f.a) = 0 we
conclude that f.a is continuous with f.a(0) = 0 (exercise (29) (part 1) of
Tutorial 14).

14. Given a : RT — R right-continuous, non-decreasing with a(0) > 0, and

feLlg 1OC( ), we proved in exercise (2) that f.a is right-continuous of
finite variation. We proved in 8. that |f.a| = |f|.a and in 9. that f.a is of
bounded variation if and only if f € L&(a). Finally, we proved in 12. that
A(f.a) = fAa. This completes the proof of theorem (88).

Exercise b

Exercise 6.
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1. Let a : RT — R be right-continuous, non-decreasing with a(0) > 0. Let
b: RT — C be right-continuous of finite variation. We want to prove the
equivalence between:

(7) dlb] << da
(i) |db"| << da , VT € RT
(i) db" << da , YT € RT

Suppose (i) holds. Let T € RT and B € B(R™) be such that da(B) = 0.
Since d|b| << da, from definition (96) we have d|b|(B) = 0. In particular
db|([0,T] N B) = 0. However, from theorem (84), d|b|([0,7] N -) = |dbT |
and consequently |dbT|(B) = 0. This shows that |db?| << da and we have
proved that (i) = (i7). Conversely, suppose (ii) holds, and let B € B(R™)
be such that da(B) = 0. Then, for all T € R* we have |db”|(B) = 0.
However from theorem (84), |dbT| = d|b|([0,T] N +). Since [0,n] N B | B,
using theorem (7), we obtain:
db(B) = tim_dpl((0.n] " B)

=l |d"|(B) =0

This shows that d|b| << da and we have proved that (ii) = (i). So (4)
and (ii) are equivalent. From exercise (1) of Tutorial 12, |[db”| << da is
equivalent to db? << da. We conclude that (ii) and (iii) are equivalent.
So (i), (i7) and (ii7) are equivalent.

2. No, in general it does not make sense to write db << da, as b being
right-continuous of finite variation, it need not be right-continuous, non-
decreasing with b(0) > 0, or right-continuous of bounded variation. So it
is not meaningful to speak of ’db’.

Exercise 6

Exercise 7.

1. Let a : RT — R™T be right-continuous, non-decreasing with a(0) > 0. Let
b: RT — C be right-continuous of finite variation. We assume that b is
absolutely continuous with respect to a, i.e. b << a. Let T'€ R*. From
definition (113) we have db? << da. Since [0,n] T Rt with da([0,n]) =
a(n) < +oo for all n > 1, the Stieltjes measure da is o-finite, while db”
is a well-defined complex measure on (R, B(R")). Applying the Radon-
Nikodym theorem (60), there exists fr € L&(RT, B(R"),da) such that
db” = [ frda. However, from definition (112), L& (a) = L§(RT, B(R™), da).
So there exists fr € L&(a) such that db” = [ frda, i.e.:

AT (B) = / frda , VB € B(RY)
B
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2. Let T,T" € RT, T < T'. From exercise (24) of Tutorial 14, db” is the
unique complex measure on R* such that:

(i) db"({0}) = b(0)
(i) Vs,t € RT,s <t , db'(]s,t]) = b(T At) —b(T As)
However, we have:
ab” ([0, 711 {0}) = db™ ({0}) = b(0)
and furthermore, given s,t € R', s < t:
db™ ([0, T)N]s, 1)) dbT ()T A s, T At))
= HT' AT At)=bT NTAs)
b(TANt)—b(T A s)
It follows that the two complex measures db” ([0, 7]N-) and dbT coincide.
Hence, for all B € B(R"):
/ frda = db" ((0,T]N B)
BA[0,T]

db™ (B)
/ frda

3. Let g = fr — frlpr € Lo(RT,B(RT), da). From 2. we have:

/gda:O, VB € B(R")
B

Using exercise (7) of Tutorial 12, we conclude that ¢ = 0 da-a.s. or
equivalently, fr = fr/19 1) da-a.s.

4. Let n,p € N, 1 < n < p. From 3. we have f, = f,1),, da-a.s. and
consequently there exists some N, , € B(R*') with da(N, ) = 0 such
that fn(r) = fp(x)ljo,n(z) for all x € NS ,. Define N = Ui<n<pNap
Then N € B(R") and da(N) = 0. Furthermore, for all 1 < n < p we
have:

Vo € N, fa(x) = fp(x)lo,n)(2)
For all n > 1, define g, = f,1ne. Then g, € Li(a) and for all 1 <n <p
we have g, = gplj,,). Furthermore since da(N) = 0, for all B € B(R™),
using 1. we obtain:

ay(B) = /B Fnda

= /fnlNuda—i—/fnlNda
B B

= /fnlcha:/gnda
B B
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Renaming the g,’s as f,’s, we have found a sequence (fy,)n>1 in Lg(a)
such that for all 1 <n <p, f, = fy1j0,n) and:

Vn>1, db"(B) :/ foda , VB € B(R')
B

5. Let f: RT — C be defined by f(t) = f.(t), where n > 1 is any integer
such that t € [0,n]. Suppose n,p > 1 are two integers such that ¢ € [0, n]
and t € [0,p]. Without loss of generality, we may assume that n < p.
From 4. we have f, = f,10,n), and since ¢ € [0,n], we conclude that
fn(t) = fp(t). So f is unambiguously defined, i.e. f is well-defined.

6. Let B € B(C). Supposet € {f € B}. Thent € R" and f(t) € B. Let n >
1 be such that ¢ € [0,n]. Then f(t) = fn(¢t) and consequently f,(¢) € B.
Sot € [0,n]N{f, € B}. This shows that {f € B} C U,,>1[0,n]N{f, € B}.
To show the reverse inclusion, suppose that ¢ € [0,n] N {f,, € B} for some
n > 1. Then t € [0,n] and f,(t) € B. But f,(t) = f(t). So f(t) € B and
we have shown that U,>1[0,n] N {f, € B} C {f € B}. Finally, we have

proved that:
+oo

{feBy=J0,nn{fneB} (5)

n=1

7. Let B € B(C). From 4. each f,, is an element of L&(a), and in particular
fn: RT,B(RT)) — (C,B(C)) is a measurable map. Hence, {f, € B} €
B(R"). It follows from (5) that {f € B} € B(R™"), which shows that
f:(RY,BRT)) — (C,B(C)) is measurable.

8. Let t € Rt and n > 1 be such that ¢ € [0,n]. Then:

/ |flda / Flpgda
0

/|f|1[07n]da
/lfn'l[o,n]da

/|fn|da < +00

where we have used that fact that f, € L&(a). Since f is measurable,

we conclude from definition (112) that feLg IOC( )
t € Rt and n > 1 such that ¢ € [0, n):

t
/fda = /flOt]da
0
= /fl[o,t]l[o,n]da

IN

IN

. Furthermore, given
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/fnl[o,t]l[o,n]da

= [nda
[0,1]

b ([0, ¢])
b (1)
= b(nAt)=b)

which shows that b = f.a.

9. Let @ : RY — R™ be right-continuous, non-decreasing with a(0) > 0.
Let b : RT — C be right-continuous of finite variation. If b is absolutely
continuous with respect to a, i.e. b << a, From 8. there exists f €

Lé’loc(a) such that b = f.a, i.e.:

t
b(t):/ fda , vVt € R
0

1,loc

Conversely, suppose there exists f € L& (a) such that b = f.a. Then,
from theorem (88), the total variation map of b is given by [b| = |f.a| =
|f].a. Tt follows from theorem (87) that the Stieltjes measure d|b| is given
by:

dJb|(B) = d(|f.a)(B) = /B flda , VB € BR)

Hence, if da(B) = 0, it is clear that d|b|(B) = 0, which shows that d|b| <<
da, i.e. b is absolutely continuous with respect to a. We have proved
the equivalence stated in theorem (89). Going back to 5., f was defined
from the f,’s as f(t) = fu(t) for any n > 1 with ¢t € [0,n]. Each f,
was fundamentally obtained in 1. (before some cleaning up in 4.) from an
application of the Radon-Nikodym theorem (60). Suppose now that b has
values in R. Given n > 1, we claim that the complex measure db” is in
fact a signed measure (i.e. a complex measure with values in R). Indeed
the complex measure Re(db") is such that:

Re(dh")({0}) = Re(ds"({0})) = Re(b(0)) = b(0)
and furthermore, if s,t € Rt, s < t:
Re(db™)(]s,t]) = Re(b(n At) —bnAs)) =bnAt)—bnAs)

and from the uniqueness property proved in exercise (24) of Tutorial 14, we
conclude that Re(db™) = db™, and db" is indeed a signed measure. From
theorem (60), it follows that each f,, may be assumed to be R-valued, and

consequently f € Lé’loc(a) may be assumed to lie in Lﬁloc(a). Suppose
now that b is non-decreasing (so with values in R) with b(0) > 0. Given
n > 1, the complex Stieltjes measure db™ is in fact a finite measure on
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(RT,B(R™)), and from theorem (60), each f,, may be assumed to be non-
negative. This shows that f may be assumed to be R-valued with f > 0.
This completes the proof of theorem (89).

Exercise 7
Exercise 8.

1. Let a: RT — R be right-continuous, non-decreasing with a(0) > 0. Let
f9€ Léloc(a) be such that f.a = g.a, i.e.:

t t
fda:/ gda , Vt e R

Let T € R" and B € B R*) Using 4. of exercise (5), we have:
[ Flonda = d(ta) ()

= d(g.a)"(B)

= / gl[()’T] da
B

2. Let h = (f — g)1jo,r). From 2. of exercise (5), h € Lg(a). So h is an
element of L§(R*, B(R"),da) and furthermore from 1.:

/ hda =0, VB € BR")

B

Using exercise (7) of Tutorial 12, we conclude that h = 0 da-a.s. or
equivalently flj0.7) = gljo,1) da-as.

3. Given n > 1, from 2. we have fljg,) = gl da-as.. There exists
N,, € B(R") with da(N,,) = 0 such that:

(@) Lom () = g(@) 10,0 ()

for all z € N¢. Let N = Up,>1N,. Then N € B(R"), da(N) = 0 and
furthermore for all x € N¢, we have f(x)1j,)(z) = g(x)1jgn(x) for all
n > 1. So f(z) = g(x) for all z € N, and we have proved that f = g
da-a.s.

Exercise 8
Exercise 9.

1. Let b : R* — C be right-continuous of finite variation. The total variation
map |b] is right-continuous, non-decreasing with |b[(0) > 0. Applying

theorem (89) to b and |b|, there exists h € Lé106(|b|) such that b = h.|b|.
2. Let T € R" and B € B(R™). From 4. of exercise (5), we have:

AT(B) = d(h.|b])" /hd|b|T
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However, from theorem (84), we have d|b|” = |dbT|. Hence:

de(B):/ hd|b|T:/ h|db™|
B B

3. Let T € R*. From theorem (63), the total variation of the complex
measure [ h|dbT| is equal to [ |h||db”|. Hence from 2., for all B € B(R™)

we have:
/ (1][dbT| = |db7|(B) = / b |
B B

Using exercise (7) of Tutorial 12, |h| = 1 |dbT |-a.s.

4. Let T € R*. We have proved in 3. that |h| = 1, |dbT]-a.s.. Hence, there
exists N € B(R") with |dbT|(N) = 0 such that |h|(z) = 1 for all z € N©.
It follows that {|h| # 1} C N and consequently from theorem (84):
dp|([0,T] N {h#1}) = [db"|({h #1})
< |aT|(N) =0
5. From 4. we have d|b|([0,n] N {|h| # 1}) =
[0,n] N {|h| # 1} T {|h] # 1}, from theorem (7

dlp|({|h] #1}) = lim dJbl([0,n] 0 {|h] #1}) =0

Taking N = {|h| # 1} we have found N € B(R™") such that d|b|(N) = 0
and |h|(z) =1 for all z € N°¢. This shows that |h| = 1, d|b|-a.s.

0 for all n > 1, and since
):

6. Let b : RT — C be right-continuous of finite variation. From 1. there

exists h € Léloc(|b|) such that b = h.|b|. However from 5. we have |h| = 1,
d|bl-a.s.. Let N € B(R™) be such that d[b|(N) = 0 and |h|(z) =1 for all
x € N Defining:

h* = thc —+ 1N

Then h* is measurable, and is d|b|-almost surely equal to h. So h* €
Lé’loc(|b|). Furthermore, [h*| =1 and for all t € R*:

t
/ hlb|
0
/ hio.qdlb
/ B 1ol
t
. / h*djb|
0

Renaming h* by h, we have found h € Léloc(|b|) with |h| = 1, such that
b = h.|b|. This completes the proof of theorem (90).

b(t)
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Exercise 9
Exercise 10.

1. Let b : R™ — C be right-continuous of finite variation. Let f € L& (b). Let

he Lé100(|b|) be such that |h| = 1 and b = h.|b|]. Then fh is measurable,
and since f € L§(b):

/ \Fhld]b| = / |Fld]b] < +o0

Hence, the integral [ fhd|b| is well-defined.

2. Let f € Li(b). Suppose h* is another element of Léloc(|b|) with [h*] =1
and b = h*.|b|. Then, for all t € R, we have:

t t
b(t)z/ h*d|b|=/ hlb|
0 0

From exercise (8) it follows that h and h* are equal d|b|-almost surely.

Hence:
[ wedpl = [ s

which shows that the integral [ fhd|b| does not depend on the particular

choice of h € L5°C(|b]) with |A] = 1 and b = h.|b|. Tt follows that [ fdb
as defined in (114) is unambiguously defined.

3. Suppose b is in fact real-valued, right-continuous, non-decreasing with
b(0) > 0. Then db is well-defined as a Stieltjes measure on R, as per
definition (24). Since |b] = b, it is possible to choose h = 1 to obtain

he Lgloc(|b|) with |h| = 1 and b = h.|b|. Indeed for all t € R, we have:

t
/ hb|

0
/ hio.qdlb|
/1[0,t]d|b|

d[b[([0,t]) = [b|(t) = b(t)

Given f € L&(b), the integral [ fdb as defined in (114) is equal to [ fhd|b|.
Since h = 1 and |b| = b, such integral is equal to [ fdb where db is
the Stieltjes measure as defined in (24). Hence, we see that the Stieltjes

integral [ fdb as defined in (114) coincides with the integral [ fdb with
respect to the Stieltjes measure db as defined in (24).

h.[b[(t)

4. Suppose b is right-continuous of bounded variation. Then db is meaningful
as the complex Stieltjes measure, as defined in (110). Given f € L&(b), the
integral [ fdb is meaningful, as per definition (97). However, the notation
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J fdb is also used to refer to the Stieltjes integral, as defined in (114).
Hence, we need to check that the two definitions do not conflict with one

another, i.e. that the two integrals do in fact coincide. Let h € Léloc(|b|)
be such that |h| = 1 with b = h.|b|. Since b is of bounded variation, h is
in fact an element of L&(b). Indeed:

Jimanr = [

d|b|(RT) = [b](00) < +o00
From theorem (86), db = d(h.|b|) is given by:

db(B) = d(h.b))(B) :/ hdjb| , VB € B(R")
B
Furthermore from theorem (84), d|b| = |db| and consequently:
db(B) :/ hldb| , VB € B(R*)
B

It follows that h € L&(R*, B(R"),|db|) is such that |h| = 1 and db =
[ h|db|. From definition (97), the integral [ fdb with respect to the com-
plex measure db is equal to [ fh|db|, and since |db| = d|b|, such integral
is itself equal [ fhd|b|, which is exactly [ fdb as defined in (114). We
conclude that the two integrals [ fdb as defined in (97) and (114), do in
fact coincide.

Exercise 10

Exercise 11.

1.

Let b: Rt — C be right-continuous of finite variation. Let f € Lé’loc(b).
Then, for all t € R*:

t
[ 181000dbl = [ 1flab] < +o0

0
So flp,y is an element of L&(b). Hence, the integral:

t
VAN
/ fdb:/f1[07t]db
0

is well-defined by virtue of definition (114). We conclude that the map
fb:RT — C is well-defined.

. Suppose b is right-continuous, non-decreasing with b(0) > 0. Then b = |b|

and we can choose h = 1 to obtain h € Léloc(|b|) with |[h| = 1 and

b= h.|b|. Given f € Léloc(b) and t € R, from definition (114), we have:

t
Fht) 2 /0 fdb
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A
== / f]-[O,t] db

- / Fhlgdlb]

- / Flio.qdlb
= /fl[()’t]db
t
- /fdb
0

where this last integral is that of theorem (88). So f.b as defined in this
exercise, coincides with f.b as defined in theorem (88).

3. Let h € Lgloc(|b|) with |h| = 1 and b = h.|b|. For all t € R*:
f.b(t) /fl[o,t]db
[ hioade
t
| smatel = sm-pico
0

1>

It follows that f.b = (fh).|b|.

4. From f.b = (fh).|b| and theorem (88), f.b is right-continuous of finite
variation, and furthermore:

|f.bl = [(fR)-[bl| = | Fhl.|o] = | f].[6]

or equivalently:
t
241y = [ Ifla, e e R
0

5. From 4. and the monotone convergence theorem (19), we have:

|[fbl(o0) = lim |f.b[(n)
nglfoo/|f|1[o,n]d|b|

- / [l
1,loc

Hence, given f € L& (b), | f.b|(c0) < 400 is equivalent to [ | f|d|b| < +o0
which is itself equivalent to f € L&(b). So f.b is of bounded variation, if
and only if f € L§(b).

6. From 4. the map f.b is right-continuous of finite variation. It follows
from exercise (29) (part 4) of Tutorial 14 that f.b is cadlag. From def-
inition (111), A(f.b) is therefore well-defined. From 3. we have f.b =
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(fh).|b|. Applying theorem (88) to |b| and fh € Léloc(|b|), we obtain
A(f.b) = (fh)Alb]. However, from b = h.|b| and theorem (88), we have
Ab = hAlb|. Hence, we conclude that A(f.b) = fAb.

7. Since b and f.b are right-continuous of finite variation, they are both cadlag
maps. From exercise (29) (part 1) of Tutorial 14, if b is continuous with
b(0) = 0, then Ab = 0 and consequently:

A(f.b) = fAb =0

It follows from this same exercise (29) that f.b is continuous with f.b(0) =
0.

8. Let b: Rt — C be right-continuous of finite variation. Let f € Lé’loc(b).
We saw in 1. that f.b is well-defined, and in 4. that it is right-continuous
of finite variation with |f.b| = |f].|b|]. We saw in 5. that f.b is of bounded
variation, if and only if f € L&(b). Finally, we say in 6. that A(f.b) = fAb.
This completes the proof of theorem (91)

Exercise 11

Exercise 12.

1. Let b: Rt — C be right-continuous of finite variation. Let f € Lé’loc(b)
and T' € R*. From definition (45) we have:

/|f|1[0,T]d|b| :/|f|d|b|[07T]

Furthermore, from exercise (24) of Tutorial 14:

AN
d|p|' T = dp|((0,T]n-) = d|p|" = d|p”|

Hence, we conclude that:

/mmmmw/VMwﬂ:/mmﬂ

2. Since f € Léloc(b), using 1. we obtain:
T
[ 1181 = [ 1sivoadpl = [ iriap] < +oc
0
It follows that f € L& (b") and fljo 1) € L (b).

3. Let h € L51°¢(|b]) with [5] =1 and b= h.|b|. Let t € R*:
bI(t) = b(TAt)
(hJB)) (T A1)

= /h]-[O,T/\t]d|b|
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= /hl[O,t]l[O,T]d|b|
= /h1[07t]d|b|[07T]
_ / M o.dlb" |
t
= / hd|b”|
0

= hJp"|(t)

where the fifth equality stems from definition (49) and the sixth from
d|p|/l%T] = d|p"| (exercise (24) of Tutorial 14). We conclude that b7 =

BB .
4. For all t € Rt, we have:
(f0)'@M) = (fOUT AL
= /fl[O,T/\t]db
= /fl[O,T]l[O,t]db
¢

= / fl[O’T]db
0

= (fljo,17)-b(t)

It follows that (f.b)" = (f1jo,1)).b. Furthermore, for all t € R*:

(D7) = / Loz L0.db

/fhl[o,T]l[o,t]d|b|
/ Fhigqdlpl®T)
/ i qdb"|

= /fl[o,t]de
¢

= / fdb”
0

£.07)(2)

where the second equality stems from definition (114), the third from

definition (49), the fourth from d|[b|l%7) = d|b”| and the fifth from defini-

tion (114) and the fact proved in 3. that |h| = 1 with b7 = h.|bT|. Tt fol-

lows that (f.b)" = f.(b") and we have proved that (f.b)" = (f1j,77)-b =
£.07).
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5. From theorem (91), the total variation map |f.b| is given by:
t
£l = [ bl v R
0
From theorem (87), the Stieltjes measure d|f.b| is given by:
AF(B) = [ Iflap . VB € BRY)

6. Let g : RT — C be Borel-measurable. For all t € R*:

t
Jiaidizar = [ laiteadir

/ PRIZT L

t
[ lorian
0

where the second equality stems from theorem (21) and the fact proved
in 5. that d|f.b| = [|f|d|b]. We conclude from definition (112) that g €

L51¢(£.b) if and only if gf € LE(b).

7. Using 4. and exercise (11) (part 3) together with the fact that |h| = 1 with
bT = h.|bT|, we obtain:

(f-0)" = £.07) = (fh).[b"]
Since f € L§(bT), we have fh € L§(|bT]), and applying theorem (86),

the complex Stieltjes measure d(f.b)” is given by:

d(f.0)T(B) :/thd|bT| , VB € B(R")

8. Since |h| =1, we have h € L§(|bT]). Indeed:
et = apt i)
— bR
= dp|([0,T]NRY)
= d[b|([0,TT)
= [b(T) <+

From b” = h.|b"| and theorem (86), the complex Stieltjes measure db” is
given by:

dv"(B) = /Bhd|bT| , VB € B(RY)
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10.

i.e. db” = [ hd|bT|. However, from theorem (84), we have |db”| = d|b|T =
d|bT|. Tt follows that db” = f h|dbT | and consequently for all B € B(R*):

/B fat = / Flpdb”
- / FhlgldbT|
- / Fhlpd]pT|

— [ nap”
B
= d(f.b)"(B)
where the second equality stems from definition (97), the third from the-

orem (84) and the fact that |b|7 = |bT|, and the fifth from the fact proved
in 7. that d(f.b)" = [ fhd|b”|. We conclude that d(f.b)T = [ fdb".

[1slassr
[1slassfen

/|9|1[0,T]d|f-b|
T

- / lgld]£.b] < +00
0

Let g € Léloc(f.b). We have:

JRL

where the first and second equalities stem from exercise (24) of Tutorial 14,
and the third from definition (45). Hence, we see that g € L&((f.b)T).
Let t € R*. Then gl; Ot]rls also an element of L ((f.b)"). From theo-
rem (84), we have d|(f.b)"| = |d(f.b)"| and gl is therefore an element
of L&(R*,B(R"),d(f.b)T). Having proved in 8. that d(f.b)" = [ fdb,
from theorem (65):

/gl[O,t]d(f~b)T = /gfl[o,t]de (6)

The two integrals in (6) are integrals with respect to complex measures,
as defined in (97). However, since (f.b)” and b7 are both right-continuous
of bounded variation, from exercise (10), these integrals coincide with the
Stieltjes integrals as defined in (114). Hence, for all £ € R™, we have:

/ Toad(10)7 = g.((f5)7)(®)
and:

/ 0 1pgdb” = (gf).(67)(2)
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We conclude from (6) that:

g-((f:0)") = (g)-(b") (7)

11. f.b being right-continuous of finite variation and g € Léloc(f.b), we can
apply 4. to g and f.b to obtain:

(9-(£0)" = g.((f-0)") (8)
Furthermore, from 6. we have gf € Lg 1Oc(b), and from 4.:

((90)-0)" = (9£)-(b7) (9)
From (7), (8)and (9) we conclude that:

(g9-(£:))" = ((9)-0)" (10)

12. Let t e RT. For all T € R* from (10) we have:
(g-(FONT N E) = ((9.1)-D)(T A t)

In particular for T' = ¢, ¢g.(f.b)(t) = (gf).b(t). This being true for all
t € Rt, we have proved that g.(f.b) = (g9f).b.

13. Let b : Rt — C be right-continuous of finite variation and f € L& 106(()).
Let g : R™ — C be Borel-measurable. The equivalence:

] ]
g€ LG°(f.b) & gf € Lg ()

was proved in 6, and given g € Léloc(f.b), we showed in 12. that g.(f.b) =
(gf).b. This completes the proof of theorem (92).

Exercise 12

Exercise 13. Let b : Rt — C be right-continuous of finite variation. Let
f,9€ Léloc(b) and o € C. For all t € RT, we have:

t
[t +agianl = [ 17+ agitqd
< [0f1+lal - lohLs.db
J 1810000+ lal [ lalto.dp
t t
[ if1diel+1al [ lgidpl < oo
0 0

So f+ag € L5°%®). Let h € L5°°(|b]) be such that |h| = 1 and b = h.[b).
Then for all t € RT:

(f +ag)b(t) = /O (f + ag)db
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[t +agmig e
= /fh1[07t]d|b| + a/gh1[07t]d|b|

t t
/fdb+a/ gdb
0 0

fb(t) + a(g.b)(t)
This being true for all t € R, (f +ag).b = f.b+ a(g.b).

Exercise 13

Exercise 14.

1. Let b,c : RT — C be two right-continuous maps of finite variation. Let
fe Léloc(b) N Léloc(c) and o € C. Let T € R". From exercise (6) of
Tutorial 14, b + ac is a map of finite variation, and it is right-continuous.
From exercise (24) of Tutorial 14, d(b+ac)? is the unique complex measure
on R* with:

d(b+ ac)T({0}) = b(0) + ac(0)
and for all s,t € Rt, s < t:
d(b+ ac)(Js,1]) = (b + ac)(T At) — (b+ ac)(T A s)

However, db” and dc” being two complex measures on R*, db” + adc” is
also a complex measure on R™, which furthermore, from exercise (24) of
Tutorial 14, satisfies:

(ab” + ade”)({0}) = db"({0}) + adc” ({0})
= b(0) + ac(0)
and for all s,t € Rt, s < t:
(" + ade™)(Js,t]) = dbT(]s,t]) + ade” (s, 1))
= T ANt)=b(T Ns)
+ alc(TAt)—c(TNSs))
= (b+ac)(TAt)—(b+ac)(TAs)
Hence, from the uniqueness property stated above:

d(b+ ac)t = db” + adc”

2. Using 1., exercise (17) of Tutorial 12 and theorem (84):
db + ac|” ld(b+ ac)”|

|db™ + adc”|

|ab”| + |adc”|

|db” | + laf - |de™|

djp[" + [ad|c["

I VAN (|
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3. Let B € B(R"). Since [0,n]N B 1 B, using 2. with theorem (7) and
exercise (24) of Tutorial 14, we obtain:

dlb+ ac|(B) = 1ir_|rr1 d|b+ ac|([0,n] N B)

= 1irn d|b+ ac|*(B)
< nhm (d[o]"™ + |ald|e]™)(B)
= hm (d|b|([0 n| N B) + |a|d|c|([0,n] N B)
= d|b|( ) + lald|c|(B)
= (d]p[ + |ald|e])(B)

We conclude that d|b + ac| < d|b| + |ald|c|.

4. Using 3. with exercise (18) of Tutorial 12, for all t € R*:

t
/ Fldb+ac = / | Flo.dlb + acl
0

IN

/ L. (dlb] + aldle])

/ Fo.adlbl + la] / Floade]
t t

/0 1P| + o] / Fldle] < +o0

Hence, we conclude that f € Léloc(b + ac).

5. We have proved in 8. of exercise (12) that given f € L§ 1Oc(b) where b is
right-continuous of finite variation, the complex Stieltjes measure d(f.b)T
is given by d(f.b)T = [ fdb". Applying this result to b+ ac (which is

indeed right-continuous of finite variation) and f € Léloc(b + ac), for all

B e BR"):
d(f.(b+ ac)T /fdb+ac
6. From 8. of exercise (12) we have d(f.b)" = [ fdb" and similarly d(f.c)”
J fdc". Hence, using 1. and 5. together with definition (98) and exer-
cise (17) of Tutorial 12, for all B € B(R™):

d(f.b+ac)T(B) = /fd b+ ac)”

/ f1pd(b+ ac)”

/le(de + adc®)

/lede+a/f13dcT
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/B fav” + « /B fde”

d(f.0)T(B) + ad(f.c)"(B)
= (d(f.b)" +ad(f.c)")(B)
7. Evaluating the equality obtained in 6. for B = [0, {]:
(f-(b+ac)'(t) = d(f.(b+ac)"([0,1])
= d(f5)7([0,1]) + ad(f.c)"([0,1])
= (f0)" () +alfe) (1)
((f-0)" +a(f.0")(@)
8. Given t € R™T, it follows from 7.:
(f. b+ ac)(TAt)=(fD)IT At)+a(fe)(T At)
This being true for all T € R™, in particular for T' = ¢:
(f-(b+ ac))(t) = (f-0)(t) + al(f.c)(t)
We conclude that f.(b+ ac) = f.b+ a(f.c).

Exercise 14

Exercise 15.

1. Let b: RT — C be right-continuous of finite variation. Let b = Re(b) and
by = I'm(b). Then by and by are both right-continuous of finite variation,
and b = by + ibe. From 3. of exercise (14), we obtain:

d|b] = d|by + iba| < d|b1| + d|bs]

2. We want to show that d|b1| < d|b|, and d|bs| < d|b]. Like on many
occasions in this Tutorial and Tutorial 14, we shall resort some localization
technique, i.e. consider some T € R™ together with the complex Stieltjes
measure db? (remember that ’db’ does not in general make sense for b
right-continuous of finite variation). Since:

Re(db")({0}) = Re(db” ({0})) = Re(b(0)) = b1(0)
and furthermore for all s,t € R™, s < t:
Re(db™)(]s,t]) = Re(db”(]s,t]))
= Re(b(TNt)=b(T Ns))
= (T At)=b1(T Ns)

From the uniqueness property stated in exercise (24) (part 3) of Tuto-
rial 14, we conclude that Re(db?) = db¥. However, from exercise (19) of
Tutorial 12, we have |Re(db?)| < |dbT| and consequently |dbT| < |dbT|.
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Applying theorem (84), we obtain d|b;|7 < d|b|T and finally, this being
true for all T € R*, using theorem (7), for all B € B(R™):

dnl(B) = Tm_dp|(0.n]"B)

< i n
< lm_dpl"(B)
= 1irJrr1 d|b|([0,»] N B)
— ab(B)

So d|b1] < d|b| and similarly d|bs| < d|b|.

3. Since |by| = |b1|" + |b1]”, we have:
(dlbs [ +dlbr|)({0}) = d|ba|"({0}) + dlba |~ ({0})
= [b1]7(0) + [b1]7(0) = [b11(0)
and furthermore, for all s,t € RT, s < #:
(dlbs [ " +dlbr|7) (s, 1]) = d|ba " (Js, 1]) + d]ba |~ (], 1])

= [ba [T () = [ba | (s)+[ba |~ (£) —[ba] " (s)
=[b1](t) — [ba](s)

From the uniqueness property stated in definition (24), it follows that
d|b1|* + d|b1|~ = d|b1|. Hence, using 2. we obtain d|b1|* < d|b1| < d|b]
and similarly, d|b1|~ < d|b], d|be|T < d|b| and d|bs|~ < d|b|. Now suppose

that f € Lé’loc(b). Then, from exercise (18) of Tutorial 12, for all ¢t € RT,

we have:
¢
Jistaet = [ ifiodmt
0
< [ 1flod
¢
- / |Fldlb] < +o0
0
with similar inequalities involving |by|™, |b2|™ and |b2|~. Hence:

1 1 - 1 1 _
£ e Lg 2 (ba*) N Lg (o] ™) N Lg ™ (b2l ) N Lg (1621 7)

Conversely if f belongs to such intersection, using 1. together with exer-
cise (18) of Tutorial 12 we obtain for all ¢t € R*:

t
Jinap = [ irioqan

/ [ FlLo.q(dlbs] + dlba)

IN
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/ Flodlb] + / FlLogdlbsl
- / Floadbl* + / g™
+ / Flo.qdlbal* + / Flogdlbal

t t
- / Fldlbl + / Fldlba]
0 0

t t
[ istateaf* + [ idpal < o
0 0

_l_

and we conclude that f € Léloc(b).

4. Let f € Lé’loc(b). Then f is an element of all Lé’loc(|bi|i), and further-
more b = |by|" — |b1|” +i(|b2|T — |ba| ) where |b1|, |b1]7, |b2|T and |ba| ™
are all right-continuous of finite variation (they are in fact non-decreasing
with non-negative initial values). From exercise (14), we obtain:

fo= Fo = floa|™ +i(flba|T = flb2|7)
or equivalently, for all t € R*:

/Otfdb—/otfd|b1|+—/0tfd|b1|+z‘(/0tfd|b2|+—/0tfd|b2|)

Exercise 15
Exercise 16.
1. Let a: RT — R™ be right-continuous, non-decreasing with a(0) > 0. We
define ¢ : RT — [0, +00] as:
c(t) 2 inf{se R": t<a(s)}, Vte R

with the convention inf ) = +00. Let s,t € R, and suppose that t < a(s).
Then s is an element of {s € RT : ¢ < a(s)}. Since c(¢) is a lower bound
of this set, we obtain ¢(t) < s. We have proved that:

t<a(s) = c(t)<s

2. Suppose that ¢(t) < s. Since ¢(t) is the greatest lower-bound of the set
{u € RT : t < a(u)}, s cannot be such a lower-bound. Hence, there
exists © € R such that ¢ < a(u) and u < s. In particular, a being
non-decreasing, a(u) < a(s). It follows that ¢ < a(s) and we have proved
that:

c(t) <s = t<a(s)

3. Suppose ¢(t) < s and let € > 0. Then ¢(t) < s+ € and consequently from
2. we obtain ¢t < a(s + ¢€). We have proved that:

ct)<s = t<a(s+¢), ¥Ye>0
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10.

Suppose ¢(t) < s. Using 3. for all n > 1, we have t < a(s + 1/n). Since a
is right-continuous, taking the limit as n — 400, we obtain ¢ < a(s). We
have proved that:

c(t) <s = t<a(s)

Suppose ¢(t) < +00. Then {s € R : ¢ < a(s)} is non-empty. Hence, there
exists s € RT such that ¢ < a(s). Since a(s) < a(c0) = sup,cr+ a(u),
in particular we obtain ¢ < a(o0). Conversely, suppose that ¢ < a(o0).
Since a(oo) is the lowest upper-bound of all a(u)’s as u € RT, ¢ cannot
be such an upper-bound. There exists u € RT such that ¢t < a(u), and
consequently ¢(t) < u. This shows in particular that ¢(t) < +00. We have
proved the equivalence:

c(t) < o0 & t < a(o0)

Let t,t' € R*, ¢ < t'. Suppose s € RT is such that ¢’ < a(s). In particular
t < a(s), and consequently c¢(t) < s. It follows that c(t) is a lower-bound
of the set {s € RT : ¢/ < a(s)}. Since ¢(t') is the greatest of such lower-
bounds, we obtain ¢(t) < ¢(t’). This shows that ¢ is non-decreasing.

Let to € [a(00), +o0[. Then in particular a(co) < ¢¢ and from 5. we obtain
c(tg) = +oo. From 6. the map ¢ : RT — [0, +00] is non-decreasing. Hence,
for all t € R, to < t, we have c(tg) < c(t). Tt follows that c(t) = +oo for
all t € RT, top < t. In particular, limg ¢, ¢(t) = +00 = c(to). This shows
that c is right-continuous at #g.

Let to € [0,a(oc0)[ and € > 0. Since ty < a(c0), from 5. we obtain ¢(tg) <
+oo. Hence, c(tg) < ¢(to) + €. Since c(ty) is the greatest lower-bound
of the set{s € RT : ty < a(s)}, c(to) + € cannot be such a lower-bound.
There exists s € RT such that tg < a(s) and s < ¢(tg) +¢. From ¢y < a(s)
we obtain c(tg) < s. We have found s € R such that c(tg) < s < c(tg)+€
and to < a(s).

Suppose t € [to,a(s)[. From 6. the map ¢ is non-decreasing, and con-
sequently c(to) < c(t). From ¢t < a(s) we have c(t) < s, and since
s < c(to) + €, we obtain ¢(t) < c(to) + €. In particular, c(t) < c(ty) + €.
We have proved that:

t € [to,a(s)[ = c(to) < c(t) < c(to) + €
For all ¢ty € [a(00), +00], we have seen in 7. that ¢ is right-continuous at

to. Suppose tg € [0,a(c0)[. Given € > 0, we have shown the existence of
s € R* such that if u = a(s), then g < u and furthermore:

t € [to,ul = c(to) <c(t) <c(to) +e¢

This shows that lim¢ 4, ¢(t) = ¢(to), and c is right-continuous at to. Fi-
nally, ¢ is right-continuous at ¢y for all to € RT. So ¢ is right-continuous.
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11.

12.

13.

14.

15.

16.

Suppose a(oc) = +o00. Then for all t € RT, we have t < a(co). From 5.
it follows that ¢(t) < +o0, and ¢ : RT — [0, +00c] is in fact a map with
values in R*. We have shown in 10. that c is right-continuous. We have
shown in 6. that ¢ is non-decreasing. If one needs to prove that ¢(0) > 0,
recall that 0 is a lower-bound of the set {s € R" : 0 < a(s)}, and that ¢(0)
is the greatest of such lower-bounds. We have proved that ¢ : R™ — R™*
is right-continuous, non-decreasing with ¢(0) > 0.

We define @ : Rt — [0+ oo] as:
a(s)=inf{t e Rt : s<c(t)}, Vse Rt

Let s,t € R" and suppose that s < ¢(t). Then ¢(t) < s is not true. From
1. it follows that ¢ < a(s) is not true, i.e. a(s) <t.

From 12. a(s) is a lower-bound of {t € R" : s < ¢(¢t)}. Since a(s) is the
greatest of such lower-bounds, we obtain a(s) < a(s). This being true for
all s € R, we have a < a.

Let s,t € RT and € > 0. Suppose that a(s+ €) < ¢. Then t < a(s +¢€) is
not true. From 2. it follows that ¢(t) < s + € is not true or equivalently
s+ € <c(t). Since s € R, we have s < s+ € < ¢(t).

Let s,t € RT and € > 0. Suppose a(s +¢) < t. It follows from 14. that
s < c(t). Sotis an element of {u € R" : s < ¢(u)}, and since a(s) is a
lower-bound of this set, we obtain a(s) < t.

Let s € RT and suppose that a(s) < a(s). Let ¢t be an arbitrary element of
la(s),a(s)[. Then a(s) < ¢, and from the right-continuity of a, there exists
€ > 0 such that a(s+¢€) < t. In particular a(s +¢€) < t and it follows from
15. that a(s) < t. This contradicts the fact that ¢ < a(s). We conclude
that a(s) < a(s). This being true for all s € R*, @ < a. Having proved in
13. that a < a, we obtain a = a or equivalently:

a(s) =inf{t e RT: s<c(t)}, Vse R

Exercise 16

Exercise 17.

1.

Let f : RT — R be a non-decreasing map. Let o € R. We define:
xo = sup{z €e RT: f(z) <a}

Suppose g = —oo. Then {f < a} has to be the empty set. Otherwise,
there would exist » € R with f(z) < «, and we would have x < =g,
contradicting g = —oo. Conversely, suppose {f < a} is the empty set.
Then —oo is an upper-bound of {f < a} and it is clearly the lowest. So
xo = —00. We have proved that 2o = —oo if and only if {f < a} = 0.
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2. Suppose xp = +00. Let # € RT. Then x < x¢ and therefore, x cannot be
an upper-bound of the set {u € R* : f(u) < a}. There exits u € RT with
f(u) < a@and z < u. In particular, since f is non-decreasing, f(z) < f(u).
So f(z) < a. This being true for all z € R, we obtain {f < a} = R".
Conversely, suppose {f < a} = R". Then 2o = sup R = +00. We have
proved that xy = +o0 if and only if {f < a} = RT.

3. We assume that —oco < z¢p < +00. So 2o € R. However from 1., the set
{f < a} is not empty. There exists z € R" such that f(z) < . Since zg
is an upper-bound of {f < a}, we obtain z < z(. In particular, zo > 0.
So g € RT.

4. Suppose that f(zg) < a. If x € RT and f(z) < «, then z < xp. So
{f < a} C[0,z]. To show the reverse inclusion, suppose that x € [0, x¢].
If © = xg, by assumption we have f(z) < a. We assume that = € [0, zo].
Since x¢ is the lowest of all upper-bounds of {f < a}, x cannot be such
an upper-bound. There exists © € R™ with f(u) < o and x < u. In
particular, f being non-decreasing, f(z) < f(u). So f(z) < a. We have
proved that [0,20] C {f < a} and finally {f < a} = [0, x¢].

5. Suppose that a < f(xg). If z € R and f(z) < «, then x # x¢. Further-
more, we have z < xy and consequently x € [0, zo[. So {f < a} C [0, zo].
An identical reasoning as in 4. shows that [0, zo[C {f < a}. We conclude
that {f < a} = [0,z

6. From theorem (15), to show that f : Rt — R is measurable, it is equiv-
alent to show that {f < a} € B(R™) for all « € R. If zg = —o0 or
xo = +oo then it is clear from 1. and 2. that {f < a} € B(R*). If
xo € R, then {f < a} is equal [0,2¢] or [0, 2], depending on whether
f(zo) < aor a < f(xg). In any case, we have {f < a} € B(R"). We
have proved that f is measurable. The purpose of this exercise is to show
that any non-decreasing map f : R™ — R is Borel-measurable.

Exercise 17

Exercise 18.

1. Let a: RT — R* be right-continuous, non-decreasing with a(0) > 0. Let
c: Rt — [0,400] be defined as:

c(t)=inf{se RT:t <a(s)}, vt e R

Let f: Rt — [0, 400] be non-negative and measurable. The map f o ¢
may not be well-defined, since it is possible that ¢(t) = +oo for some
t € R™. The notation (f 0¢)1{c< 400y may therefore seem controversial, as
it formally looks like a product of two well-defined mappings with values
in [0, +o0], when in fact it isn’t. As one may have guessed, (fo¢)lcc o0
refers to the mapping defined by:

R, ((fodlpera)) ={ J 1 A<
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and this is certainly well-defined and non-negative. To show that this
mapping is also measurable, note that ¢ : Rt — [0, +00] is measurable,
as follows from exercise (17), and the fact that ¢ is non-decreasing, which
we have proved in exercise (16). Now, it is impossible to argue that foc
(being the composition of two measurable maps) is measurable, and that
(f 0 ¢)l{cciooy is therefore measurable as the product of two measurable
maps. As we have already indicated, f o ¢ is not even well-defined, so a
little more care is required: let B € B(R). We have:

{(f 0O Liecron € BY = {t € R 1 (t) < +o0, f(c(t)) € B)
{c=+0c0}N{0€ B}

{te R :c(t) < 4o0,c(t) € f1(B)}
{c=4c0}N{0€ B}
{e<4oo}n{ce fHB)}
{c=4c}N{0€ B}

&

&

&

where {0 € B} is just a convenient notation to indicate R or ), depending
respectively on whether 0 € B or 0 ¢ B. Since f is measurable and
B € B(R), we have f~}(B) € B(R*) C B(R). Since c is measurable,
{c € f71(B)}, {c < 400} and {c = +o0} are all elements of B(R"). We
conclude that {(f o ¢)l{ccyoo} € B} € B(RT), and we have proved that
(f 0 €)1{ccqoo} is well-defined, non-negative and measurable.

2. Since [0,u] € B(R"), the map 1y, is non-negative and measurable. It
follows from 1. that (17g,4)o¢)1{c< 400} IS also non-negative and measurable,
and consequently the integral:

a(t)
L = / (1[0’74 o C)l{c<+oo}d5
0

is well-defined. Likewise, [0, a(t A u)] is a Borel set, and since ¢ is measur-
able, {¢ < 400} is also a Borel set of RT. Hence, the integral:

L= /1[O,a(t/\u)]]-{c<+oo}d8
is also well-defined. To show that I} < I, let s € R*. Then:

Lo,a)(8)110,u1(c(8)) = Lo,a(0)) () {c(s)<u)
Lio,a()) () 1{s<a(u)}
= 1[O,a(t)](s)1[0,a(u)](s)
[
[

IA

= lig,a(t)ra(w)(8)
= ]-O,a(t/\u)](s)

where the inequality stems from the fact proven in 4. of exercise (16) that
c(s) < u = s < a(u), and the last equality from the fact that a is non-
decreasing. We have proved that Iy = [ f(s)ds and I» = [ g(s)ds where
f, g are non-negative and measurable with f < g. This shows that I; < I5.

www.probability.net


http://www.probability.net

Solutions to Exercises 44

3. From 2. and the fact that:
/1[0,a(t/\u)]1{c<+oo}d5 < /1[0,a(t/\u)]d8 = a(t Au)

we conclude that:
a(t)
/ (Ljo,u) © €)1 {cctooyds < at Au)
0

4. We have:
a(t Au) = ds([0,a(t Au)))

1 [0,a(tAw)] ds
Ljo,a(t)ra(u)ds
Lio,a(t)1[0,a(u)ds

Lio,a)1[0,a(u)[ds

a(t)
Lio,a(u)(ds

a(t)
Lo,a(uL{e<+oo}ds

I

where the fifth equality stems from the fact the Lebesgue measure has no
mass at a(u) (i.e. ds({a(u)}) = 0), and the last equality from the fact
proven in 1. of exercise (16) that:

s<a(u) = c(s) <u<+oo (11)

5. From (11) we obtain 1jg q(u)[ < 1jo,u) © ¢. Hence, from 4.:
a(t)
a(t Nu) = /o L10,a(u)[L{e< 00} dS

a(t)
< / (1[O,u] o C)]-{c<+oo}ds
0
6. It follows from 3. and 5. that:

a(t)
a’(t A u) = / (1[O,u] o C)]-{c<+oo}ds
0

and consequently, we have:

t
/1[0’u]da = /1[07t]1[0,u]da
0
= /1[O,t/\u]da
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a(t \u)
a(t)
= /0 (1[O,u] © C)]-{c<+oo}

7. Let D; be the set of all B € B(R™) with:

t a(t)
/ 1pda = / (1B oc)lfecyooyds
0 0

We shall first prove that Dy is a Dynkin system on R*. Suppose (B,,)n>1
is a sequence of elements of D; such that B,, T B (i.e. B,, C B, 1 for all
n > 1, and B = U,>1B,,). From the monotone convergence theorem (19),
we obtain:

t t
/ lpda = lim 1p,da
0

n—-—+00 0

= Jdm f loaw)(1s, 0 ¢)l{ectooyds

/ 1[07(1(15)](13 (e} C)l{c<+oo}d5

a(t)
/ (13 0 C)l{c<+oo}d5
0
and consequently B € D,. Having proved in 6. that [0,n] € D; for all

n > 1, from [0,n] T RT we obtain R™ € D;. Suppose A, B € D, with
A C B. Then B = (B\ A) W A and consequently:

t t t
/ IBda: / 1B\Ada+/ lAda
0 0 0

Each integral involved being finite, we have equivalently:

t t t
/ lB\Ada:/ 1Bda—/ 1ada
0 0 0

a(t) a(t)
/ (Ipaoc)ljcctoords = / (1B o) l{ecyooyds
0 0

Similarly:

a(t)
- / (1A Oc)l{c<+oo}da
0

and from A, B € D; we conclude that:

t a(t)
/ 1B\Ada: / (1B\AOC)1{c<+oo}d8
0 0
i.e. B\ A € D;. We have proved that D; is a Dynkin system on R™. To

show that D; = B(R"), define C = {[0,u] : w € RT}. Then C is a 7-
system on R™ (i.e. it is closed under (non-empty) finite intersection), and
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we have proved in 6. that C C D;. From the Dynkin system theorem (1),
we obtain B(R") = o(C) € D;. So D; = B(R™). If anyone still needs
a proof that o(C) = B(R™), please note that any open set in R is a
countable union of intervals of the form ]a, b], and it is therefore sufficient
to show that Ja,b] N RT € o(C) for all @ < b. But this follows from
the fact that ]Ja,b] N R is either of the form [0,b] € C, or of the form
Ja,b] = [0,8] \ [0.a] € 7(C).

8. Given f : RT — [0, +00] non-negative and measurable and ¢t € R, we
wish to establish the formula:

t a(t)
/ fda:/ (foc)l{ectooyds (12)
0 0

From 7. if f is of the form f = 15 with B € B(R"), then (12) is true. By
linearity, if f is a simple function on (R, B(R™)), then (12) is also true
for f. Suppose f is an arbitrary non-negative and measurable map. From
theorem (18) there exists a sequence (sy,)n>1 of simple functions such that
sn T f. Having established (12) for each s,,, n > 1, we have:

t a(t)
/ Spda = / (8n 0 €)1 {cctocrds
0 0

From the monotone convergence theorem (19), taking the limit as n —
+00, we conclude that equation (12) is true for f.

9. Let f : RT — C be measurable. Let u = Re(f) and v = Im(f). Let
up = u', up = u~, uz = v" and ug = v—. Then each u; : RT — RT
is non-negative and measurable, and from 1. each (u; o ¢)1{cc o0} is nON-
negative and measurable. Furthermore, (f o ¢)l{ccioo) is clearly well-
defined, and we have:

(f © C)l{c<+oo} = (U'l © C)l{c<+oo}

(u2 0 ¢)1{ectoo)
T30 0l fecson)
s 0 ) e oy

We conclude that (f oc¢)ljccyoo) is measurable.
10. Let f € Lé’loc(a) and t € RT. Applying formula (12) to | f|:

/|(fOc)l{c<+oo}1[0,a(t)]|d8 = /(|f| 0 €)1 {cctoo} [0,a(t))d5

a(t)
/0 (1710 )L ec oy ds

t
/ |flda < +o0
0
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11.

It follows that (fo¢)lccioo} Lo € Le(RT, B(RT),ds). Furthermore,
Since uy, ug < [u < |f] and ug, ug < |v[ <[f], each (u; o)l {cctoot Lo,a(t))
is itself and element of L!. From the linearity of the integral, we obtain:

a(t) a(t)
/ (foo)lfectooyds = / (u1 © ) 1ectoords
0 0
a(t)
- / (u2 0 €)1 {cc oy ds
0
a(t)
+ Z/ (u3 0 )l {cctoords
0

a(t)
— z/ (ug 0 )l {ectooyds
0

However, applying 8. to each u;:

t a(t)
/ u;da = / (ui 0 €)1 {ectooyds
0 0

and consequently:

a(t)
/ (f Oc)l{c<+oo}ds
0

\
h
I

=
QL
Q
I
h
e
IS}
QL
Q

Il
)

U

)

0

Similarly to the case of 1., the map (f o ¢)1[ q(1)[ is not strictly speaking
the product of foc with 1jg 41, for the simple reason that foc may not
be well-defined. However, it does not take much to guess that the notation
(f 0 ¢)1[0,q(1) refers to the map defined by:
[ ) its<a)
(o Nnane) = { IS

Since s < a(t) = ¢(s) <t < 400, such a map is well-defined, and further-
more:

(f o) lp,any = ((f 0 )l{ectoo}) L0,
Hence, from 10. we have:

/Otfda

a(t)
/ (fo C)l{c<+oo}da
0
= /(f 0 €)1 {cctoo}[0,a(t)d5
= /(f 0 ¢)lfectoo) L [0,a(t)(ds

= /(f o C)l[oya(t)[ds
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12. Let a : RT — R™ be right-continuous, non-decreasing with a(0) > 0.
Given f € Léloc(a), we have proved in 10. that:

t a(t)
[ rda= [ 5o rnds
0 0

This completes the proof of theorem (93).

Exercise 18
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