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14. Maps of Finite Variation

Definition 108 We call total variation of a map b : R — C the map
|b| : RT — [0, +00] defined as:

vie R [b|(t) 2 [6(0)] +sup Y [b(t:) — blti-1)|

where the ’sup’ is taken over all finite to < ... <t, in [0,t], n > 1.
We say that b is of finite variation, if and only if:

vte Rt |bl(t) < 400
We say that b is of bounded variation, if and only if:
sup |b|(t) < +o0
teR+

Warning: The notation |b| can be misleading: it can refer to the map ¢t —
|b(t)|(the modulus), or to the map ¢ — |b|(¢) (the total variation).

EXERCISE 1. Let a : RT — R™ be non-decreasing with a(0) > 0.
1. Show that |a| = a and a is of finite variation.
2. Show that the limit lims; 1 a(t), denoted a(oo), exists in R.

3. Show that a is of bounded variation if and only if a(c0) < +o0.

EXERCISE 2. Let b = by +iby : RT — C be a map, by, by real-valued.
1. Show that |b1] < [b] and |ba| < |b].
2. Show that |b| < |by| + |ba].
3. Show that b is of finite variation if and only if by, by are.
4. Show that b is of bounded variation if and only if by, by are.
5. Show that |b|(0) = |b(0)|.

EXERCISE 3. Let b : RT — R be differentiable, such that b’ is bounded on each
compact interval of RT. Show that b is of finite variation.

EXERCISE 4. Show that if b : RT — C is of class C!, i.e. continuous and
differentiable with continuous derivative, then b is of finite variation.

EXERCISE 5. Let f : (RT,B(R")) — (C,B(C)) be a measurable map, with
fot |f(s)]ds < o0 for all t € RT. Let b: RT — C defined by:

Vi e R, b(t) é/ Fliods
R+
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1. Show that b is of finite variation and:
t
We R (b0 < [ 17(s)lds
0
2. Show that f € L5(RT,B(R"),ds) = b is of bounded variation.

EXERCISE 6. Show that if b,b’ : R™ — C are maps of finite variation, and
a € C, then b+ ab’ is also a map of finite variation. Prove the same result when
the word ’finite’ is replaced by 'bounded’.

EXERCISE 7. Let b: Rt — C be a map. For all t € RT, let S(¢) be the set of
all finite subsets A of [0, ], with cardA > 2. For all A € S(t), we define:

A n
S(A) = [b(t) = b(ti1))|
i=1
where it is understood that tg,...,t, are such that:

to <ty <...<tpand A= {tg,...,t,} C[0,1]

1. Show that for all t € RT, if s < ... < s, (p > 1) is a finite sequence in
[0,t], then if:

S 23" ) — blsy0)
either S =0or S = S5(A) forjs_olme A€ S(t).
2. Conclude that:
vte RT, |b|(t) = |b(0)] +sup{S(4): A e S(t)}
3. Let A € S(t) and s € [0,¢]. Show that S(A) < S(AU {s}).
4. Let A, B € §(t). Show that:
ACB = S(A) <S5(B)
<..

5. Show that if tg < ... < t,, n > 1, and so
sequences in [0, ¢] such that:

{to,...,tn} Q {So,...,Sp}

. < sp, p > 1, are finite

then:

> Ib(t) = b(tim1)| <> [b(s;) — b(sj—1))
i—1 J=1

EXERCISE 8. Let b : Rt — C be of finite variation. Let s,t € RT, with s < ¢.
We define:

5= sup > [b(t:) — b(ti—y)]
=1

where the ’sup’ is taken over all finite to < ... <t,, n > 1, in [s,t].
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1. Let s < ... <spand ty <...<t, be finite sequences in [0, s] and [s, t]
respectively, where n,p > 1. Show that:

Z |b(s5) = blsj-1)| + Z [b(t:) = b(ti—1)| < [b[(£) — [b(0)]

2. Show that & < [b|(t) — [b|(s).

3. Let to < ... <, be a finite sequence in [0, ], where n > 1, and suppose
that s = ¢; for some 0 < j < n. Show that:

n

> Ib(ti) = b(ti-1)| < [bl(s) — [6(0)] + 6 (1)

i=1
4. Show that inequality (1) holds, for all to < ... <t, in [0, ¢].

5. Prove the following:

Theorem 80 Let b : RT — C be a map of finite variation. Then, for all
s,t ¢ RT, s <t, we have:

[b1(t) = [bl(s) = sup > [b(t:) = b(ts-1)]
i=1
where the ’sup’ is taken over all finite to < ... <t,, n>1, in [s,t].

EXERCISE 9. Let b : RT — C be a map of finite variation. Show that |b| is
non-decreasing with |b[(0) > 0, and ||b|| = |b]|.
Definition 109 Letb: RT — R be a map of finite variation. Let:

A 1
bt 2 500l +0)

1>

1
b|™ —(|b] —b
0] 56l =0)
|b|*, |b|~ are respectively the positive, negative variation of b.

EXERCISE 10. Let b: RT — R be a map of finite variation.

—_

. Show that [b] = |b|* + [b|~ and b = |b]" — |b]".

[\

. Show that b (0) = b+(0) > 0 and [b|=(0) = b=(0) > 0.
3. Show that for all 5s,t € RT, s < t, we have:
b(t) — b(s)| < [b](t) — [b](s)

. Show that [b|" and |b|~ are non-decreasing.

S
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EXERCISE 11. Let b : RT — C be of finite variation. Show the existence
of by,b2,b3,04 : RT — R, non-decreasing with b;(0) > 0, such that b =
by — by +i(bs — bs). Show conversely that if b : RT — C is a map with such
decomposition, then it is of finite variation.

EXERCISE 12. Let b : RT — C be a right-continuous map of finite variation,
and 29 € RT.

1. Show that the limit |b|(xo+) = limy) 4, |b|(f) exists in R and is equal to
infy, < [b](1).

2. Show that |b|(zo) < [b|(zo+).

3. Given € > 0, show the existence of 59 € R, 29 < 3o, such that:
u €lzo,yo] = [b(u) — bxo)| < €/2
u€lzo,yol = [bl(yo) — [Bl(w) < /2

EXERCISE 13. Further to exercise (12), let tg < ... < t,, n > 1, be a finite
sequence in [0,yo], for which there exists j with 0 < j < n —1, 29 = t; and
xro < tj-i-l-

1. Show that S, [b(t;) — b(t;i_1)| < [bl(z0) — |b(0)].
2. Show that [b(t;11) — b(t;)] < ¢/2.
3. Show that Y27, [b(ts) — b{ti—1)| < [Bl(yo) — [bl(t;+1) < /2.

4. Show that for all finite sequences top < ... <t,, n >1,1in [0,yo]:

> Ib(t) = b(tim1)| < [bl(zo) — [6(0)] + €
i=1

ot

. Show that |b|(yo) < |b|(z0) + €.

[=p}

. Show that |b|(zo+) < |b|(zo) and that |b| is right-continuous.
EXERCISE 14. Let b : Rt — C be a left-continuous map of finite variation, and
let zo € R\ {0}.

1. Show that the limit |b|(zo—) = limy114, |0]() exists in R, and is equal to
SUP;y, [0[(2).

2. Show that |b|(xo—) < |b|(x0).

3. Given € > 0, show the existence of yy € [0, 2], such that:
u € [yo,zo[ = |b(zo) —b(u)| < €/2
u € [yo,xo[ = [bl(u) — [bl(yo) < €/2
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EXERCISE 15. Further to exercise (14), let tg < ... < t,, n > 1, be a finite
sequence in [0, o], such that yo = ¢; for some 0 < j <n —1, and zg = t,. We
denote k =max{i: j<i, t; <z}

1. Show that j <k <n —1 and tx € [yo, zol.
2. Show that -7, [b(t:) — b(ti—1)| < [b|(y0) — [b(0)].

3. Show that Ef:jﬂ |b(t;) —b(ti—1)| < |b|(tr) —|b(yo) < €/2, where if j = k,

the corresponding sum is zero.
4. Show that Y27, 1 [b(t;) — b(ti—1)| = |b(xo) — b(tr)| < €/2.

5. Show that for all finite sequences tg < ... <t,, n > 1, in [0, z¢]:

n

D b(t:) = b(ti-1)] < [bl(yo) — [b(0)] + ¢
i=1
6. Show that |b|(zo) < [b](yo) + €.
7. Show that |b|(xg) < [b|(x0—) and that |b] is left-continuous.

8. Prove the following:

Theorem 81 Letb: RT — C be a map of finite variation. Then:

b is right-continuous = |b| is right-continuous
b is left-continuous = |b| is left-continuous

b is continuous = |b| is continuous

EXERCISE 16. Let b : RT — R be an R-valued map of finite variation.

1. Show that if b is right-continuous, then so are |b|™ and [b|~.

2. State and prove similar results for left-continuity and continuity.
EXERCISE 17. Let b : R™ — C be a right-continuous map of finite varia-

tion. Show the existence of by,bs,b3,bs : Rt — RT, right-continuous and
non-decreasing maps with b;(0) > 0, such that:

b= by — by +i(bs — bs)

EXERCISE 18. Let b : R™ — C be a right-continuous map. Let ¢ € R*. For all
p > 1, we define:

21’
A
Sp = [b(0) + Y [b(kt/27) — b((k — 1)t/2)]
k=1
1. Show that for all p > 1, S, < S,11 and define S = SUpP,>1 Sp.
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2. Show that S < |b|(t).

EXERCISE 19. Further to exercise (18), let tg < ... < t,, be a finite sequence of
distinct elements of [0,¢]. Let € > 0.

1. Show that for all i = 0, ..., n, there exists p; > 1 and
gi € {0,1,...,2Pi} such that:
qot qit qnt

0<t0<2—<t1727< <tn§2pn

and:
[b(ti) — bait/2")| < €
2. Show the existence of p > 1, and ko, ..., k, € {0,...,2P} with:

, Vi=0,...,n

O<t<kt ; k;lt t<k"t<t
0= 5y <t1 = 2— <. <dp S o =
and:
|b(t;) —b(kit/2P)] <€, Vi=0,...,n
3. Show that: .
> [b(kit/27) = b(ki—1t/27)| < S, — [b(0)]
i=1
4. Show that:
Z|b ) —b(ti—1)| <5 — |b(0)] + 2ne
5. Show that:

Zlb ) = b(ti1)| <5 —[b(0)]
6. Conclude that |b|(t) < S

7. Prove the following:

Theorem 82 Let b : RT — C be right-continuous or left-continuous. Then,
forallt e RT:

on

B1) = [BO)] +_Tim_ 3 t/27) (= 1t/2")
k=1
EXERCISE 20. Let b : R — R* be defined by b = 1g+. Show that:
on
= BIO) # T 316/ — (k- 1/ =0

EXERCISE 21. b: RT — C is right-continuous of bounded variation.
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1. Let by = Re(b) and by = I'm(b). Explain why d|b1|*, d|b1|~, d|b2|t and
d|be| ™ are all well-defined measures on (RT, B(R™)).

2. Is this still true, if b is right-continuous of finite variation?
3. Show that d|by|T,d|b1|",d|be|t and d|bs|~ are finite measures.

4. Let db = d|b1|t —d|b1|” +i(d|b2| " —d|bz| 7). Show that db is a well-defined
complex measure on (RT, B(R™)).

Show that db({0}) = b(0).

Show that for all s,t € RT, s <t, db(]s,t]) = b(t) — b(s).

Show that lim;_, o b(t) exists in C. We denote b(co) this limit.
Show that db(R™) = b(c0).

© »® 3N = o

Proving the uniqueness of db, justify the following:

Definition 110 Let b: RT — C be a right-continuous map of bounded varia-
tion. There exists a unique complex measure db on (R*, B(R™)), such that:

(@) db({0}) = b(0)
(14) Vs, t € RTs <t db(]s,t]) =b(t) — b(s)

db is called the complex Stieltjes measure associated with b.

EXERCISE 22. Show that if @ : R™ — R is right-continuous, non-decreasing
with (0) > 0 and a(co) < +o00, then definition (110) of da coincides with the
already known definition (24).

EXERCISE 23. b: RT — C is right-continuous of finite variation.

1. Let by = Re(b) and by = Im(b). Explain why d|b1|", d|b1|~, d|b2|" and
d|be| ™ are all well-defined measures on (R*, B(R™)).

2. Why is it in general impossible to define:
db 2 djbr|* — d|by|” + i(d|ba|* — d]ba|7)

Warning: it does not make sense to write something like 'db’, unless b is either
right-continuous, non-decreasing and b(0) > 0, or b is a right-continuous map of
bounded variation.

EXERCISE 24. Let b: RT — C be a map. For all T € RT, we define b* : Rt —
Cas bI(t)=b(T At) forall t € RT.

1. Show that for all T € R*, |bT| = |b|7.

2. Show that if b is of finite variation, then for all '€ R™*, b” is of bounded
variation, and we have |bT'|(00) = |b|(T) < +oc.
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3. Show that if b is right-continuous and of finite variation, for all ' € R™T,
dbT is the unique complex measure on R*, with:

(1) db™ ({0}) = b(0)
(i) Vs,t € RT,s <t , db"(]s,t]) =b(T At) —b(T As)

4. Show that if b is R-valued and of finite variation, for all 7" € R*, we have
BT+ = (1b]")" and [b"|~ = (|b] )"

5. Show that if b is right-continuous and of bounded variation, for all 7' € R™,
we have db” = dbl®"! = ab([0,T] N -)

6. Show that if b is right-continuous, non-decreasing with b(0) > 0, for all
T € R*, we have db” = dbl*"] = ab([0,T] N -)

EXERCISE 25. Let u, v be two finite measures on R™, such that:

(@) u({0}) <v({0})

(i) VsteRF.s<t. alls) < vt
We define a,c: RT — R* by a(t) = u([0,t]) and c(t) = v([0,1]).

1. Show that a and ¢ are right-continuous, non-decreasing with a(0) > 0 and
¢(0) > 0.

2. Show that da = p and de = v.
3. Show that a < c.

4. Define b : Rt — R* by b = ¢ — a. Show that b is right-continuous,
non-decreasing with b(0) > 0.

5. Show that da + db = dc.

6. Conclude with the following;:

Theorem 83 Let p,v be two finite measures on (R, B(R™)) with:
@) p(0}) <v({0})
(i) VsteRTs<t. u(st) < (st

Then p < v, i.e. for all B € B(R"), u(B) < v(B).

EXERCISE 26. b: RT™ — C is right-continuous of bounded variation.
1. Show that |db|({0}) = |b(0)| = d|b|({0}).

2. Let s,t € RT, s <t. Let tg < ... <t, be a finite sequence in [s,t], n > 1.
Show that:

n

D Ib(t) = b(ti-1)| < [abl(Js, )

i=1
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Show that |b|(t) — |b|(s) < |dbl|(]s,t]).

Show that d|b| < |db|.

Show that LE(RT, B(R™), |db]) C L&(RT, B(R™),d|b]).
Show that R is metrizable and strongly o-compact.

Show that C&(R™), C&(R™) are dense in L&(RT, B(R™), |db]).

© N o o s W

Let h € LE(RT,B(RY),|db|). Given e > 0, show the existence of ¢ €
CY%(R™T) such that [ | — hl|db| < e.

9. Show that | [ hdb| < | [ ¢db| + €.
10. Show that:

\ [1oiani - [ |h|d|b|\ < [1o~nlani < 16~ wian

11. Show that [ |@|d|b] < [ |h|d|b] + €.

12. For all n > 1, we define:

n2"—1

A n
b = 0(O0) Loy + > G(k/2") rsan (ki1)/20]
k=0

Show there is M € R, such that |¢,(z)] < M for all z and n.
13. Using the continuity of ¢, show that ¢,, — ¢.
14. Show that lim [ ¢,db = [ ¢db.
15. Show that lim [ |¢,|d|b| = [ |¢|d|b].

16. Show that for all n > 1:

n2™—1

/d)ndb = $(0)b(0) + Y d(k/2")(b((k +1)/27) — b(k/2"))
k=0

17. Show that | [ ¢ndb| < [ |¢pn|d|b| for all n > 1.

18. Show that | [ ¢db| < [ |6|d|b).

19. Show that | [ hdb| < [ |h|d|b| + 2e.

20. Show that | [ hdb| < [ |h|d|b| for all h € LL(R*, BR™), |db]).

21. Let B € B(R") and h € Lg(R*T, B(R™),|db|) be such that |k| = 1 and
db = [ h|db|. Show that |db|(B) = [ hdb.

22. Conclude that |db| < d|b|.
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EXERCISE 27. b: RT — C is right-continuous of finite variation.
1. Show that for all T € R*, |dbT| = d|bT| = d|b|*.
2. Show that d|b|” = d[b|/l%T] = d|p|([0,T] N -), and conclude:

Theorem 84 Ifb: R — C is right-continuous of bounded variation, the total
variation of its associated complex Stieltjes measure, is equal to the Stieltjes
measure associated with its total variation, i.e.

|db| = d|b|

Ifb: RY — C is right-continuous of finite variation, then for all T € RT, b¥
defined by b7 (t) = b(T At), is right-continuous of bounded variation, and we
have |dbT| = d|b|([0, T) N -) = d|b|".

Definition 111 Letb: RT — E be a map, where E is a Hausdorff topological
space. We say that b is cadlag with respect to FE, if and only if b is right-
continuous, and the limit:

b(t—) = 11%% b(s)

erists in B, for all t € R™\ {0}. In the case when E = C or E = R, given b
cadlag, we define b(0—) =0, and for all t € RT:

Ab(t) 2 b(t) — b(t—)
EXERCISE 28. Let b : RT — E be cadlag, where E is a Hausdorff topological
space. Suppose b has values in E' C E.
1. Show that for all ¢ > 0, the limit b(t—) is unique.
2. Show that E’ is Hausdorff.
3. Explain why b may not be cadlag with respect to E’.
4. Show that b is cadlag with respect to E'.

5. Show that b: RT — R is cadlag < it is cadlag w.r. to C.

EXERCISE 29.

1. Show that if b: Rt — C is cadlag, then b is continuous with b(0) = 0 if
and only if Ab(t) =0 for all t € R*.

2. Show that if a : RT — R is right-continuous, non-decreasing with a(0) >
0, then a is cadlag (w.r. to R and R") with Aa > 0.

3. Show that any linear combination of cadlag maps is itself cadlag.
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4

5

6

7

. Show that if b : RT™ — C is a right-continuous map of finite variation,

then b is cadlag.

. Let a : RT — R™T be right-continuous, non-decreasing with a(0) > 0.

Show that da({t}) = Aa(t) for all t € RT.

. Let b: R™ — C be a right-continuous map of bounded variation. Show

that db({t}) = Ab(t) for all t € RT.

. Let b : R* — C be aright-continuous map of finite variation. Let T' € R™T.

Show that:
b(t—) if ¢t<T
bT) if T<t

Show that AbT = (Ab)1jo 7}, and db” ({t}) = Ab(t)1(o,7(t).

vte RT, b (t—) = {

EXERCISE 30. Let b: RT — C be a cadlag map and T' € R™T.

1.

8
9

Show that if ¢ — b(t—) is not bounded on [0, 7], there exists a sequence
(tn)n>1 in [0,T] such that |b(t,)| — +o0.

. Suppose from now on that b is not bounded on [0, T]. Show the existence
of a sequence (t,),>1 in [0,T], such that ¢, — ¢ for some ¢ € [0,T], and
|b(t,,)] — +o0.

Define R={n>1: t<t,}and L={n>1: t, <t}. Show that R and
L cannot be both finite.

. Suppose that R is infinite. Show the existence of ny > 1, with:
tny € [t,t +1[N[0,T]
If R is infinite, show there is n; < ng < ... such that:

1
tuy € [t + 2100, 7], Vk 21

Show that |b(tn, )| # +oo.

Show that if L is infinite, then ¢ > 0 and there is an increasing sequence
ny < ne < ..., such that:

1
tn, €]t — 200 7], ¥k > 1

. Show that: |b(ty, )| # +o0.

. Prove the following:

Theorem 85 Let b: RT — C be a cadlag map. Let T € RY. Then b and the
map t — b(t—) are bounded on [0,T), i.e. there exists M € R™ such that:

[b(t)| V [b(t—)| < M , Vt €[0,T]
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Solutions to Exercises

Exercise 1.

1. Let a: RT — R* be non-decreasing with a(0) > 0. Let t € R*. Taking
to = 0 and ¢; = ¢, from definition (108), we have:

la(t1) = a(to)| < al(t) — [a(0)]

Since a is non-decreasing and a(0) > 0, we obtain a(t) < |a|(t). Let n > 1
and tg < ... <t, be a finite sequence in [0, ¢]:

3" la(ts) = alti-1)| = a(ts) = alto) < a(t) = a(0)

So a(t) — a(0) is an upper-bound of all sums Y. |a(t;) — a(t;—1)] as to <
... <, runs through all finite sequences in [0,¢]. From definition (108),
la|(t) — ]a(0)| is the smallest of such upper-bounds. Hence:

lal(t) = [a(0)] < a(t) — a(0)

and since a(0) > 0, we obtain |a|(t) < a(t). We have proved that |a|(t) =
a(t) for all t € R, ie. |a] = a.

2. Let | = sup,cg+ a(t) € R. We claim that a(t) converges to I as t — +o0.
Suppose | = 400. [ being the smallest upper-bound of all a(t)’s, for all
A € RT A cannot be such an upper-bound. Hence, there exists t4 € R
such that A < a(t4). Since a is non-decreasing, for all ¢t € R*:

ta <t = A<a(ta) <alt)

This shows that lim;_,~ a(t) = +00 = I. Suppose [ < +00. Then, given
€ > 0 we have | —e < [. Again, [ —e¢ cannot be an upper-bound of all a(t)’s.
There exists t. € R such that [ —e < a(t¢). Since a is non-decreasing we
obtain, for all t € R*:

te<t = l—e<a(t) <alt) <l

This shows that lim; ;o a(t) = [. We have proved that a(t) has a limit
in R as t — 400. This limit is denoted a(co).

3. The proof of 2. together with 1. shows that:
a(oco) = sup a(t) = sup |a|(t)
teR+ teR+
It follows from definition (108) that a is of bounded variation if and only
if a(o0) < +00.
Exercise 1

Exercise 2.
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1. Let b =b;+ibs : RT™ — C be a map where by = Re(b) and by = I'm(b). Let
t€ RT. Let tg < ... <t, be a finite sequence in [0,t]. Since |Re(z)| < |z
for all z € C and by virtue of definition (108):

n

D bu(t) = ba(tion)| < D [b(t:) = b(tio1)] < [bI(E) - [b(0)]
i=1

i=1

It follows that |b](t) — [b(0)| is an upper-bound of all sums Y . | |by(t;) —
bi(ti—1)] astg < ... < t, runs through all finite sequences in [0, t]. |b1|(¢)—
|b1(0)] being the smallest of such upper-bounds, we obtain:

[b1](2) = 162(0)] < [b]() — [6(0)]

and from |b1(0)| < [b(0)] we conclude that |b1|(t) < |b|(¢). This being true
for all t € RT, we have proved that |by| < [b|. Since [Im(z)| < |z| for all
z € C, we obtain |by| < |b| with a strictly identical argument.

2. Let t € RT and tg < ... < t, be a finite sequence in [0, ]:

D oIbt)=b(tin)| < Y ba(t)=ba(ti )Y ba(t)=ba(ti1)]
=1 i=1 i=1
< [l () = [b1(0)] + [b2(t) — [b2(0)]

It follows that the r.h.s of this last inequality is an upper-bound of all sums
iy |b(t:) = b(ti—1)| as to < ... < t, runs through all finite sequences in
[0,t]. |b|(t) — |b(0)| being the smallest of such upper-bounds, we obtain:

[6[(8) = [6(0)] < [ba](£) — (b1 (0)] + [ba] (£) — [b2(0)]
and from |b(0)| < [b1(0)| + |b2(0)| we conclude that:
[b[(£) < [ba](2) + |b2/(2)
This being true for all t € R, we have proved |b| < |by| + |ba].

3. Suppose b is of finite variation. Then |b|(t) < +oo for all t € RT. Tt
follows from 1. that |by|(t) < +o00 and |bo|(t) < +o00 for all t € R*. So by
and by are also of finite variation. Suppose conversely that b; and by are
of finite variation. Then |b|(t) < 400 and |be|(t) < 400 for all ¢t € R*.
It follows from 2. that [b|(t) < 4oo for all t € RT. So b is also of finite
variation. We have proved that b is of finite variation if and only if b; and
by are of finite variation.

4. From 1. we have:
sup [b1[(t) < sup [b|(t)
teR+ teR*
together with:
sup |b2|(t) < sup |b|(¢)
teR+ teR+
Furthermore, from 2. we obtain:

sup [b|(t) < sup [by|(¢) + sup |b2|(t)
teRT teRT teRT
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We conclude from definition (108) that b is of bounded variation if and
only if both b; and by are also of bounded variation.

5. Take t = tg = t; = 0. From definition (108), we have:
[b(t1) — b(to)[ < [b(2) — [b(0)]

)| < 16[(0). Furthermore, let to < ... <'t, be a finite sequence in
{0}. Then ¢ty =...=t, =0 and:

Z'b _bzl)l_o

So 0 is an upper-bound of all sums > ; [b(t;) — b(t;—1)| as tg < ... < t,
runs through all finite sequences in [0,¢] = {0}. |b](0) — |b(0)| being the
smallest of such upper-bounds, we have [b[(0) —[b(0)| < 0. We have proved
that [b](0) = [b(0)].

e. [b(0
[]=

Exercise 2

Exercise 3. Let b: RT — R be differentiable, such that b’ is bounded on each
compact interval of R™. In particular & is bounded on [0,¢] for all t € Rt and
consequently:
sup |V’ (u)] < +o0
u€l0,t]

Let t € R be given and £y < ... < t, be a finite sequence in [0,¢]. Let i € N,
and suppose t;_1 < t;. b being differentiable on R™ is in particular continuous.
In particular b is continuous on [t;_1,t;] and differentiable on |¢;_1,¢;[. From
Taylor’s theorem (39), there exists ¢; €]t;—1, t;[ such that:

bti) = b(ti1) = b'(ci) - (ti — tio1)
and in particular:
b(t:) = b(ti—1)| < mye - (ti —tio1)

where my = sup,cjo,q V' (u)| < +o00. It is clear that this last inequality is still
valid when ¢;,_1 = t;. Hence:

Z|b Y= b(ti1)| < my - (b —to) < my -t

It follows that my - ¢ is an upper-bound of all sums Y . |[b(t;) — b(t;—1)| as
to < ... < t, runs through all finite sequences in [0,¢]. |b|(t) — |b(0)| being
the smallest of such upper-bounds, we obtain [b|(t) — |b(0)] < my - ¢ and finally
[b](t) < 16(0)] + my - t < +00. We have proved that b is of finite variation.
Exercise 3

Exercise 4. Let b: RT — C be of class C'. Then both Re(b) and Im(b) are
of class C'. In particular, they are differentiable, and from theorem (37) their
derivatives are bounded on any compact subset of R*. From exercise (3), Re(b)
and I'm(b) are both of finite variation. It follows from exercise (2) that b is also
of finite variation.
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Exercise 4

Exercise 5.

1. Let f: (RT,B(R")) — (C, B( )) be a measurable map such that fg [f(s)]ds <

+oo for all t € R*. Let b(t fo s)ds. Let t € R be given and
to <...<t, be a finite sequence in [O t]
D Ib(t) = b(tia)| = ti1,t:)()ds
i=1
< Z / ()L (s)ds
i—1
= [ (s)ds
¢
< [ s
0

So fot |f(s)|ds is an upper-bound of all sums Y ;" |b(t;) —b(t;—1)] as to <
... < t, runs through all finite sequences in [0,¢]. Since |b|(t) — |b(0)] is
the smallest of such upper-bounds, we obtain |b|(t) — [b(0)] < fot |f(s)|ds
and since b(0) = 0 we have proved that for all t € R*:

|b](t) / [f(s)]ds < 400
In particular, b is a map of finite variation.

2. Suppose f € Lg(RT,B(RY),ds). Then [g. |flds < +oc, and from 1. we
have for all t € R*:

bl(t) / foas < [ 1re)las

sup [Bl(t) < /R U )lds < oo

teRT
We conclude from definition (108) that b is of bounded variation.

In particular:

Exercise 5

Exercise 6. Let b,b' : RT — C be two maps and o € C. Define ¢ = b+ ab'.
Let t € R" and to < ... <, be a finite sequence in [0,¢]. Then:

Z|c<ti>—c<ti_1>|s2|b —bu|+|a|2|b' )= ¥t
416) — ) + ol - (16 - O]

IN
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It follows that the r.h.s of this last inequality is an upper-bound of all sums
Sty le(ts) — e(ti—1)] as to < ... < t, runs through all finite sequences in [0, ¢].
le|(t) — |¢(0)] being the smallest of such upper-bounds, we obtain:

lel(t) — [e(0)] < [bl(£) — [B(0)] + |ex| - (|6'](£) — [6(0)])
Since |¢(0)] < [b(0)| + |af - |6/ (0)], we conclude that for all ¢t € R*:
lel(t) < 1BI(2) + lod| - V] (2)

Hence, if b and b’ are of finite variation, ¢ = b+ ab’ is also of finite variation.
Furthermore, we have:
sup [c|(t) < sup [b](t) + |af - sup [V[(¢)
teR+ teR+ teR+
So b, b’ of bounded variation = ¢ of bounded variation.
Exercise 6

Exercise 7.

1. Let t € Rt and sp < ... < s,, p > 1, be a finite sequence in [0,¢]. We
define:

§ 2 37 Ib(s;) — blss-a)| @)

Let A = {so,...,8p}. If cardA = 1, then sg = ... = s, and it is clear
from (2) that S = 0. We assume that cardA > 2. Then A is a subset
of [0,¢] with cardA > 2, and consequently A € S(t). We shall prove that
S =S(A). Let tp < ... < t, be distinct in [0, t] such that A = {to,...,tn}.
By definition:

S(4) £ 3 [b(t) ~ blti-1)| (3)

Since A = {to,...,tn} = {s0,...,Sp}, it is intuitively fairly obvious
from (2) and (3) that S = S(A). After all, the only difference between the
t;’s and the s;’s (both are ordered, i.e. typ < ... <t, and sg < ... < sp)
is that the former are assumed to be distinct and not the latter, and any
‘repetition’ in the s;’s will not affect the sum in (2) as the correspond-
ing term |b(s;) — b(s;—1)| is nil. We may choose to go no further and
rely solely on intuition to conclude that S = S(A). To manufacture a
more formal proof of the fact that S = S(A) (which may not be that
pointless for a student in search of more technical strength), one may
proceed with an induction argument based on the difference p — n. Since
cardA =n+1and A = {so,...,Sp}, we have n < p. If n = p, then s, =ty
for all k = 0,...,n (the t;’s and s;’s are ordered), and it is clear from (2)
and (3) that S = S(A). So S = S(A) is proved when p —n = 0. Suppose
that S = S(A) is proved when p —n = k for k > 0, and assume that
p —n=k+ 1. In particular p > n. Since A = {to,...,tn} = {S0,---,Sp}s
it is impossible that all s;’s be distinct, and consequently the integer:

jo=min{j: j€{l,...,p}, sj =s;-1}
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as the smallest element of an non-empty subset of N is well-defined. Let
sp<... < 5,1 be defined as:

s,_ Sk lfkigjo—l
E skt if £ > jo

for k = 0,...,p — 1. Informally, the finite sequence s; < ... < 57 ; is

nothing but the sequence sy < ... < s, where the ’duplicated point’ s,
has been 'taken out’. The sum S’ associated with s; < ... <s)_; is given
similarly to (2) as:

5" = 3" 1b(s5) — bls5 ) (4)

We shall prove formally that S = S” (which is also intuitively obvious in
the light of (2) and (4)) by distinguishing three possible cases. Suppose
jo = p. Then (4) can be re-expressed as:

S" = 3 |bsy) — b(sj-1)l

where the fact that s;, = s;,—1 was used for the second equality. Suppose
that jo = p — 1. Then (4) can be re-expressed as:

Jjo—1

S =Y Ib(s;) = blsj—1)| + [b(sj041) — blsjo—1)]
j=1
Jo—1
= D 1b(s;) = b(sj—1)| + [b(sje41) — b(s5o )]
j=1
Jo+1

= > Iplsy) = b(sj1)]
=1

= > |b(s;) = b(s;-1)| =S
=1

where the fact that s;, = s;,—1 was used for the third equality. Suppose
lastly that jo < p — 1. Then (4) can be split in three:

D Ib(sy) = blsj— 1)l + [b(sjo1) = b(sjo—1)| + D [b(s541) = b(s;)]
J=1 Jj=jo+1
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which can be re-expressed as:

D 1b(s;) = blsi—1)| + [b(sjo41) = blsjo) + D [b(s;) = b(s;—1)]
Jj=1 J=Jjo+2

and finally from [b(s;,) — b(sj,—1)| = 0, we obtain:
P
S'=>"Ib(s;) —b(s;—1)| = S
j=1

In all cases, we have proved that S = S’. However, it is clear that
{s0s---»8,_1} = A = {to,...,tn} and from our induction hypothesis,
since p— 1 —n =k, we have S" = S(A). We conclude that S = S(A) and
our induction hypothesis is proved for p —n = k + 1. This completes the
induction argument and we have showed that S = S(A). For all t € R
and so < ... < s, finite sequences in [0,¢] (with p > 1 as always, in line
with definition (108)), then if S is defined by (2), either S =0 or S = S(A4)
for some A € S(t).

2. Let t € R and a(t) = sup{S(A) : A € S(t)}. Let s9 < ... <sp, p>1,
be a finite sequence in [0, t]. Define:

S = Z |b(s5) — b(sj-1)]

From 1. either S = 0 or S = S(A) for some A € S§(t). In any case, a(t)
being an upper-bound of all S(A)’s, we have S < a(t). So a(t) is an upper-
bound of all sums Z?=1 |b(sj) —b(sj—1)] as s9 < ... < s, runs through all
finite sequences (with p > 1) in [0,¢]. Since |b|(t) — |b(0)]| is the smallest
of such upper-bounds, we have |b|(¢t) — [b(0)| < a(t). Let A € S(t). Let
to < ... < t, be distinct in [0,¢] such that A = {tg,...,t,}. Then, by
definition, the sum S(A) is given by:

n

S(4) = 3 Jbt:) — b(ti1)|

i=1
In particular, [b|(t) — [b(0)] being an upper-bound of all sums >_7_; |b(t;) —
b(ti—1)| as tg < ... < ¢, runs through all finite sequences (with n > 1)
in [0,t], we have S(A) < |b|(t) — [b(0)]. Tt follows that |b|(t) — |b(0)| is
an upper-bound of all S(A)’s with A € S(t). Since a(t) is the smallest of
such upper-bounds, we obtain a(t) < |b|(t) — |b(0)]. We have proved that
a(t) = |b|(t) — |b(0)| for all t € RT, or equivalently:

[b[(£) = [b(0)| + sup{S(A4) : A € S(t)}

3. Let A € S(t) and s € [0,¢]. Then AU {s} is a subset of [0,¢] with
card(AU {s}) > 2. So S(A U {s}) is well-defined. Let tyg < ... < ¢, be
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distinct in [0, ¢] such that A = {to,...,t,}. Then, by definition:
S(A) = 3 Iblts) — blti 1))
i=1

If s € Athen AU{s} = A and S(A4) = S(AU {s}). We assume that
s & A. There are three possible cases to consider: firstly s < g, secondly
tj—1 < s <t; for some j = 1,...,n and thirdly ¢, < s. In the first case
we have:

S(AU{s}) = [blto) — b(s)] + S(A)

and in the third case:
S(AU{s}) = S(A) +[b(s) — b(tn)]
In the second case, S(A U {s}) can be split into four parts:

j—1
D o Ib(t:) = btia)| 4 [b(s) = b(t;—1)| + [b(t;) = b(s)]
i=1

+ ) [b(t) = btioy)]
i=j+1
and from |b(t;) —b(t;—1)| < [b(s)—b(tj—1)|+]b(t;) —b(s)| we conclude that
S(A) < S(AU{s}). In any case, we have proved that S(A) < S(AU{s}).

4. Let A, B € S§(t) such that A C B. We shall prove that S(A) < S(B) using
an induction argument based on the cardinality of B\ A. If card(B\A) = 0,
then A = B and S(A) = S(B). We assume that S(A) < S(B) is true
when card(B \ A) = k for & > 0, and that card(B\ 4A) = k+1. In
particular B\ A # () and there exists s € B\ A. From 3. we have
S(A) < S(AU{s}). Furthermore, A U {s} is an element of S(¢) with
AU{s} C B and card(B\ (AU{s})) = k. From our induction hypothesis,
it follows that S(AU{s}) < S(B). We conclude that S(A) < S(B) and the
induction hypothesis is proved for card(B \ A) = k + 1. This completes
the induction argument, and we have proved that S(A) < S(B) for all
A, B € S(t) with A C B.

5. Let tg <...<t,,n>1,and s < ... <sp, p> 1, be finite sequences in
[0,t] such that {to,...,tn} C {so,...,sp}. Define:

n

S= " [b(t:) = blti-1)|

i=1

and: .
S =" " [b(s;) = b(s;—1)]
j=1

Let A = {to,...,t,} and B = {s¢,...,sp}. If cardA =1 then S = 0 and
in particular S < S’. We assume that cardA > 2. Then cardB > 2 and

www.probability.net


http://www.probability.net

Solutions to Exercises 20

looking back at the proof of 1. we have S = S(A4) and S’ = S(B). Since
A C B, it follows from 4. that S(A) < S(B). We conclude that S < ',

Exercise 7
Exercise 8.
1. Let s < ... <spand ty < ... <t, be finite sequences in [0, s] and [s, t]

respectively, n,p > 1. so < ... s, <ty < ... <, is a finite sequence in
[0,t], with n + p + 2 terms and associated sum:

D Ib(s;) = blsj-1)l + [b(to) = b(s,)| + Z lb(ti) = bti1)l - (5)

j=1

From definition (108), |b](¢)—|b(0)| is an upper-bound of all sums ;" ; |b(ug)—
b(ug—1)] as up < ... < uyy, runs through all finite sequences in [0, ¢], m > 1.

So |b|(t) — |b(0)] is greater than or equal to (5). In particular, we have:
P n
> Ib(s;) = blsj—a)l + Y [b(t) = b(ti1)| < [b](2) — b(0)]
j=1 i=1

2. Let so < ... < s, be a finite sequence in [0, s], p > 1. It follows from 1.
that |b](t) — |b(0)] — ?:1 |b(s;) — b(s;j—1)| is an upper-bound of all sums
Soiy |b(t:) = b(ti—1)| as to < ... < t, runs through all finite sequences in
[s,t], n > 1. Since § is the smallest of such upper-bounds, we obtain:

6 < [bl(t) — [6(0)| = Z [b(s5) = b(sj-1)]

b being of finite variation we have [b|(t) < +o00 and consequently 6 < +o0.
The previous inequality can be re-arranged as:

Z [b(s5) = b(sj-1)| < [b](¢) = [b(0)] — &

It follows that |b|(¢) — |b(0)| —d is an upper-bound of all sums Z?:l |b(s;)—
b(sj—1)| as s < ... < s, runs through all finite sequences in [0, s}, p > 1.
Since |b|(s) — |b(0)| is the smallest of such upper-bounds, we obtain:

[6](s) = [6(O)] < [b](£) — [b(0)| =6
and all terms being finite, we conclude that:
6 < [b](t) — [b](s)

3. Let typ < ... < t, be a finite sequence in [0,¢], n > 1. We assume that
s = t; for some j with 0 < 7 <n. Then ¢y < ... <; is a finite sequence
in [0, s], j > 1, and consequently:

J
> 1b(t) = b(ti—1)| < [bl(s) — [b(0)] (6)

i=1
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Furthermore, t; < ... <t, is a finite sequence in [s,¢] (withn —j+1 > 2
terms) and consequently:

}ju> ) —b(ti 1) <6 (7)

i=j+1

From (6) and (7) we conclude that:
Z|b = b(ti-1)| < [bl(s) — [6(0)] + 6 (8)

4. Let tg < ... < t, be a finite sequence in [0,¢], n > 1. We claim that
inequality (8) still holds, despite not having made the assumption that
s = t; for some j with 0 < j < n. Consider the finite sequence 0 <
to < ... <ty < ¢in [0,t] (with n 4+ 3 terms), which we may denote
5o < ... < 875 (how each s), is defined is obvious). Since s € [0,t] we
claim that there exists p € {1,...,n + 2} such that s, ; < s < s,. A
formal proof of this (intuitively obvious) fact can be obtained as follows:
If s = s; = 0, then in particular s{, < s < s}. We assume that s, < s.
Since s <t = s, 15, the set {j: s < s}, =0,...,n+ 2} is a non-empty
subset of N, and therefore has a smallest element, say p. Since s < s
we have p > 1, and furthermore 52,71 <5< s;,. In particular, we have
been able to find p € {1,...,n + 2} such that s, ; < s < s,. Consider
the finite sequence sj < ... < s, | <s < s, < ... < s in [0,¢] (with
n + 4 terms), which we may denote sg < ... < s,,13. This finite sequence
in [0, ¢] is such that there exists j with s = s; and 0 < j < n+ 3. From 3.

we obtain: s
}jw ) = b(si—1)| < [bl(s) — [b(0)] + &
However, it is clear that {to,-- - tn} € {S0s-..,Snt3}, and it follows from
5. of exercise (7) that:
n+3
Z|b ) = btio1)| <D [b(si) — b(si—1))|
=1

We conclude that:

n

D Ib(ti) = b(ti1)| < [b|(s) — [b(0)| + 6

i=1

5. It follows from 4. that |b[(s) — |b(0)| + 0 is an upper-bound of all sums
i |b(t:) — b(ti—1)| as to < ... < t, runs through all finite sequences in
[0,t], n > 1. Since |b|(t) — [b(0)| is the smallest of such upper-bounds, we

obtain:
6] (¢) — [b(0)| < [b](s) — [b(0)[ + 0
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Equivalently, since |b|(s) < +o0, |b|(t) — |b|(s) < 6. Having proved the
reverse inequality in 2. we conclude that:

BI(8) = Pl(5) = & = sup D [b(t:) — b(ti-1)|

where the supremum is taken over all finite sequences tg < ... < ¢, in
[s,t], n > 1. This completes the proof of theorem (80).

Exercise 8

Exercise 9. Let b : R™ — C be a map of finite variation. Let s,t € R, s < t.
A consequence of theorem (80) is that |b|(s) < |b|(£). So |b| is non-decreasing.
From 5. of exercise (2), we have |[b|(0) = |b(0)| and in particular |b|(0) > 0. From
exercise (1), it follows that the total variation ||b|| of |b| is nothing but itself,
ie. |[b]| = 0]

Exercise 9

Exercise 10.

1. Let b: R — R be a map of finite variation. From definition (109), we
have:

_ 1 1
o] + o] = (bl +b) + 5 (6] = b) = [b]
and furthermore:

of* — Ib1~ = 5 (bl +b) — 5 (1l ~5) = b

N =

2. Since |b](0) = [b(0)], we have:
b1 (0) = 5 (1(0)] + b(0)) £ b*(0)
and: 1
[617(0) = 5 (1b(0)| - b(0)) = 67 (0)
In particular, |b|*(0) > 0 and |b|~(0) > 0.

3. Let s,t € RT, s < t. Then s < t is a finite sequence in [s,?] (with 2
terms). It follows from theorem (80) that:

b(t) — b(s)| < [b](t) — [b](s) (9)
4. Let s,t € RT, s <t. It follows from (9) that:
b(s) — b(t) < [b[(t) — [b](s)

and:

b(t) — b(s) < [b](t) — [bl(s)
we conclude that [b]"(s) < [b|7(¢) and |b|~(s) < |b|(t). So |b|* and |b]~

are non-decreasing.
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Exercise 10

Exercise 11. Let b : R™ — C be a map of finite variation. Let u = Re(b) and
v = Im(b). From exercise (2), u,v : RT — R are both of finite variation. Let
by = |u|T, by = |u| 7, bg = |v|T and by = |v|~. From exercise (10), by, b, b3 and
by are all non-decreasing maps with b;(0) > 0, ¢ = 1,...,4. Furthermore, since
u = by —by and v = by — by, we have b = by —ba +i(bs — by). Conversely, suppose
b = by —ba+i(bs—by) where each b;, i = 1,...,4 is non-decreasing with b;(0) > 0.
From exercise (1), each b; is a map of finite variation. From exercise (6), it
follows that b is also a map of finite variation. We have proved that a map
b: Rt — C is of finite variation, if and only if there exist by, by, b3 and by
non-decreasing with b;(0) > 0,7 =1,...,4, such that b = by — ba + i(bs — by).
Exercise 11

Exercise 12.

1. Let b : RT — C be a right-continuous map of finite variation. Let xo €
R*. From exercise (9), [b| : Rt — RT is non-decreasing with |b](0) > 0.
In particular, for all ¢t € R, 2o < t, we have |b|(x) < |b|(t). So |b|(xo) is a
lower-bound of all |b|(t)’s as t € RT, x¢ < t. If we define | = inf, ; [b|(¢),
then [ is the greatest of such lower-bounds, and consequently |b|(xg) < L.
In particular —oco < [. Furthermore, t being an arbitrary element of R*
with zg < ¢, we have [ < |b|(t) and in particular, since b is of finite
variation, [ < 4o00. So [ is a well-defined element of R. We claim that
|b|(t) — | as t — x with @y < t. Let € > 0. Since | <[+ ¢, | + € cannot
be a lower-bound of all [b|(t)’s as xy < t. Hence, there exists t; € R*,
xo < t1, such that |b|(t1) < I+ €. |b| being non-decreasing, we have:

t €lwo, [ = 1< [b(t) <I+e

This shows that the limit lim¢||,, |0[(f) exists and is equal to [. This
limit is denoted |b|(zo+). We have proved that for all zop € R™, the limit
|b|(z0+) exists in R, and |b](zo+) = infi<y, [b|(¢).

2. From 1. we have |b|(zo+) = inf,,<;|b|(t). However, since |b| is non-
decreasing, for all t € R", zg < t, we have |b|(zg) < |b](¢). It follows that
b|(z0) is a lower-bound of all |b|(¢)’s as t € R, zg < t. Since |b|(zo+) is
the greatest of such lower-bounds, we conclude that |b|(zo) < |b|(zo+).

3. Let € > 0. Since |b|(xo+) = limy| |4, |0](t) exists in R, there exists y; €
R™, 2o < y1, such that:

€
u €lzo, y1] = |[bl(w) = bl(zo+) | < 5
In particular, from the triangle inequality:
€
u, v €lzo,y1] = [[bl(v) = [bl(u) | < 5 (10)
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Furthermore, since b is right-continuous, in particular it is right-continuous
at xg. There exists y» € R™, x¢ < y2, such that:

w oo ye] = [b(u) = blao)] < 3 (1)
Taking yo = min(y1, y2), yo € R, 29 < yo, and from (11):

w €lro,yo] = [b(w) = bao)| < 3
Furthermore, yo €]zo,y1] and from (10) we have:

€
u €lzo,yo] = |bl(y0) — [bl(u) <
Exercise 12

Exercise 13.

1. Let tg < ... < tn, n > 1, be a finite sequence in [0, yp], for which there
exists j with 0 < j < n — 1 (so in particular n > 3), 2o = t; and
xo < tjt1. Then ¢ty < ... < ¢; is a finite sequence in [0, zo] with j > 1.
From definition (108), we have:

J
> Ib(ti) = b(ti—1)| < [bl(zo) — [6(0)] (12)
i=1
2. Since tj; = o and ;11 €]xo, Yol, it follows from exercise (12):

bt1) = bit)| < (13)

3. Since tj11 < ... < t, is a finite sequence in [tj41,yo] (with n —j > 2
terms), from theorem (80) we have:

> Ib(ti) = b(ti1)| < [bl(yo) — [bl(tj+1)

i=j+2

and furthermore, since ;41 €]xo, yol, from exercise (12) we have:

b1(30) = [Bl(t141) < 5

We conclude that:

€
> bt = bltin)| < 5 (14)
4. Let tg < ... <t,, n>1, be a finite sequence in [0, yo]. We claim that:

Z [b(ti) = b(ti-1)| < [bl(z0) = [b(0)] + € (15)

In the case when there exists an index j with 0 < j <n —1, 29 = t;
and z9 < tj41, we can apply 1. 2. 3. and adding (12), (13) and (14)
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together, we obtain (15). Our task is to extend (15) to the general case
where there may not exists such an index j. However, since zg < yo, it

is always possible to ’add points’ to the sequence ty < ... < t, so as to
obtain so < ... < s, in [0, yo] with {to,...tn} C {s0,...,sp} and zo = s;,
xo < sj+1 for some 0 < j < p— 1. Applying (15) to the s;’s, we obtain:
P
D 1b(si) = b(si-1)| < [bl(x0) — [b(0)] + €
i=1
However, from exercise (7), since {to,...tn} C {s0,...,Sp}:

Z b(t:) — b(ti—1)| < Z b(si) = b(si-1)]

and we conclude that (15) is true.

5. It follows from (15) that [b|(xo) — |b(0)| + € is an upper-bound of all sums
o |b(t;) — b(ti—1)| as to < ... < t, runs through the set of all finite
sequences in [0,y0], » > 1. Since |b|(yo) — |b(0)| is the smallest of such
upper-bounds, we obtain:

16 (yo) — [6(0)] < [bl(z0) — [b(0)] + €
and finally |b|(yo) < [b|(z0) + €.

6. Given € > 0, in the light of 5. and exercise (12), we have found yo € R,
2o < Yo, such that [b|(yo) < |b|(zo) + €. However, still from exercise (12),
we have |b|(zo+) = infy,<¢ [b](¢). In particular, |b|(xo+) is a lower-bound
of all |b|(t)’s with t € R*, zp < t. So |b|(xo+) < [b|(y0), and we have
proved that |b|(zo+) < |b|(zo) + €. This being true for all € > 0, we obtain
|b](zo+) < |b|(z0). Having proved in exercise (12) that |b](zg) < |b](zo+),
we conclude that |b|(zo) = |b|(zo+), i.e.

b = lim |b|(t
bl(ao) = Jim (0

It follows that |b| is right-continuous at z. This being true for all zp € R,
the map [b| : R — R is right-continuous.

Exercise 13

Exercise 14.

1. Let b : RT — C be a left-continuous map of finite variation. Let zg €
R*\{0}. Let I = sup,_,, |b|(t). Since |b| is non-decreasing, for all t € R,
t < xo, we have |b[(t) < |b|(zo). It follows that |b|(zg) is an upper-bound of
all [b](t)’s ast € R, t < zo. Since [ is the smallest of such upper-bounds,
we obtain [ < |b|(zp). In particular, since b is of finite variation, [ < +oo.
Furthermore, since 0 < ¢, there exists some t € R™ with ¢ < zy. For any
such ¢ we have |b|(t) < I and it follows in particular that —oo < I. So [
is a well-defined element of R. We claim that |b|(t) — [ as t — xzp with
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t < xg. Let € > 0. Since | — € < [, [ — € cannot be an upper-bound of all
|b](t)’s as t < xg. There exists t; € RT, t; < o, such that [ — e < [b|(¢1).
Since |b| is non-decreasing, we obtain:

teti,z]= l—e<|bl(t) <1

This shows that the limit lim;j14, |b|(f) exists in R and is equal to {. This
limit is denoted |b|(zo—). We have proved that for all o € R™ \ {0}, the
limit [b[(zo—) exists in R and is equal to sup,_,, |b[(t).

2. From 1. we have |b|(xo—) = sup,_,, |b|(t). However, since |b| is non-
decreasing, for all t € RT, t < zq, |b|(t) < |b|(z0). So |b|(z) is an upper-
bound of all |b|(t)’s as t € RT, t < xy. Since |b|(zo—) is the smallest of
such upper-bounds, we obtain |b|(zo—) < |b|(z0).

3. Let € > 0. By definition of the left-hand limit [b[(xo—), there exists
11 € [0, zo[ such that:

€
u € [y1, zo = [[bl(w) —[bl(zo—) | < 7
In particular, from the triangle inequality:
€
u,v € [y, zo[ = [[bl(w) = bl(v) ] < 5 (16)
Furthermore, from the left-continuity of b at g, there exists y2 € [0, 2o,
such that: .
u € [y2, o[ = |b(zo) — bu)| < 5 (17)

Taking yo = max(y1,y2), Yo € [0, zo[ and from (17):
)

u € [yo, o[ = [b(z0) — b(u)]

INA
DO

Furthermore, since yo € [y1,2o[, we have from (16

):
u € [yo, zo[ = |b|(u) — [b](yo) <

Exercise 14

Exercise 15.

1. By definition, k = max{i : j < i,t; < 2o}. Since t; = yo and yo € [0, o],
we have t; < xzg. It follows that j < k. Furthermore, since ¢, = o, we
have K <n —1. Soj <k <n—1. Since j < k, we have t; < t;, and
from t; = yo we obtain yg < t;. Furthermore, it is clear that ¢, < z¢. So
ty € [yo, J)Q[.

2. tg <...<t; being a sequence in [0, yo] (with j > 1):
J

D Ib(ti) = b(ti)| < [bl(yo) — b(0)] (18)

i=1
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3. If j =k, the sum Zf:j-{-l |b(t;) — b(t;—1)| is by convention set to zero. So
there is nothing to prove. We assume that j < k. Thent; <... <t isa
finite sequence in [yo,t;] (with & — j + 1 > 2 terms). From theorem (80),
we have:

k
D [b(t) = blti-1)| < [Bl(tk) — (Bl (yo)
i=j+1
Furthermore from 1. we have t; € [yo,zo[ and consequently from exer-
cise (14):
€
bI(t) ~ 1bl(30) < &
We conclude that:

k
ST Iblta) — bitin)| <

i=j+1

(19)

[N e

4. By definition, k is the greatest index with j < k and t; < xy. Hence, for
alli=k+1,...,n, we have t; = xg. It follows that:

> Ib(ti) = b(ti—1)| = [b(xo) — b(ts)]

i=k+1

Furthermore, since tj, € [yo, zo[, from exercise (14):
€
pwo) — b(t)] < §
We conclude that:

> lbts) = biti)| < 5 (20)

i=k+1

5. Let top < ... <t,, n > 1, be a finite sequence in [0,z0]. In the case when
t, = xo and there exists an index j with 0 < j <n —1 and ¢; = yo, we
obtain from (18), (19) and (20):

n

D Ib(t:) = b(ti-1)| < [bl(yo) — [b(0)] + € (21)

i=1
Our task is to extend (21) to the general case when tg < ... < t,, may
not satisfy this property. However, it is always possible to ’add points’ to
the finite sequence ty < ... < t,, so as to obtain so < ... < s, in [0, z0)
with {to,...,tn} C {s0,...,8p}, such that s, = x¢ and for which there
exists j with 0 < j < p—1 and s; = yo. Applying (21) to the sequence
S0 << Sy

P

> Ib(si) = bsi—1)] < [Bl(yo) — 6(0)| + €

i=1
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and since {to,...,tn} C {S0,...,Sp}, from exercise (7):

Z b(t:) — b(ti—1)| < Z b(si) = b(si-1)]

We conclude that (21) is true in the general case.

6. It follows from (21) that |b|(yo) — |b(0)| + € is an upper-bound of all sums
S |b(ti) — b(ti—1)| as to < ... < t, runs through the set of all finite
sequences in [0,zg], n > 1. Since |b|(zg) — |b(0)] is the smallest of such
upper-bounds, we obtain:

[bl(z0) = [6(0)] < [b[(y0) — [b(0)] + €
and finally |b|(x0) < |b|(yo) + €.

7. Since |b[(z0—) = sup,, |b|() and yo € [0, 2o[, we have |b[(yo) < |b](x0—).
It follows from 6. that |b|(zo) < |b|(xzo—) + €. This being true for all
e > 0, we obtain |b|(x¢) < |b|(zo—). Having proved in exercise (14) that
|b](x0—) < |b|(x0), we conclude that |b|(xg) = |b|(xo—), i.e.

b = lim |b|(t
bl(zo) = lim (1)

This shows that |b] is left-continuous at x. This being true for all z¢ €
R™* \ {0}, we have proved that |b| is a left-continuous.

8. Let b: R™ — C be a map of finite variation. If b is right-continuous, then
|b| is right-continuous by virtue of exercise (13). If b is left-continuous,
we have just proved that |b| is also left-continuous. It follows that if b
is continuous then |b| is also continuous. This completes the proof of
theorem (81).

Exercise 15

Exercise 16.

1. Let b : R™ — R be an R-valued map of finite variation. We assume that
b is right-continuous. From definition (109), the positive variation of b is
given by [b|T = (]b| + b)/2. From theorem (81), |b| is right-continuous. It
follows that |b|* is right-continuous. Similarly, |b|~ = (|b| — b)/2 is right
continuous.

2. Tt follows likewise from theorem (81) that if b is left-continuous, then |b|™
and ||~ are left-continuous. If b is continuous, then |b|™ and |b|™ are
continuous.

Exercise 16

Exercise 17. Let b : RT — C be aright continuous map of finite variation. Let
u = Re(b) and v = I'm(b). Define by = |u|™, by = |u|™, bs = |v|T and by = |v|~.
Then b = by — by + i(bs — bs), and each b; is non-decreasing with b;(0) > 0 (see
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proof of exercise (11)). Furthermore, since v and v are right-continuous maps of
finite variation, from exercise (16) we conclude that each b; is right-continuous.
Exercise 17

Exercise 18.

1. Let b : RT — C be a right-continuous map. Let t € R*. For all p > 1,
we define:
2])
A kt (k—1)t
S, = |b(0)] +;; b <ﬁ) —b (721) )‘
Then, given p > 1, we have:

{kt/2P : k=0,...,2P} C{kt/2P*' . k=0,...,2PT1}

(@) ()

and it follows from exercise (7) that:

pld 2P+1
kt (k—1)t

() ()2

k=1 k=1

We conclude that S, < Sp41.

2. Tt is clear from definition (108) that:

or equivalently S, < |b|(¢). It follows that |b|(¢) is an upper-bound of all
Sp’s. Since S = sup,,~; S) is the smallest of such upper-bounds, we obtain

S < [b|(1).

Exercise 18

Exercise 19.

1. Let to < ... < t, be a finite sequence of distinct elements of [0,¢]. Let
e>0. Leti € {0,...,n—1}. We want to find an integer p; > 1 and some
gi € {0,...,2Pi} such that t; < ¢;t/2Pi < t;41 and:

q;t
o s (g

When ¢ = n, we want to find an integer p,, > 1 and some ¢,, € {0,...,2P"}
such that ¢,, < g,t/2P» <t and:

qnt
b=+ (81| =

If t, = t, then p, = 1 and ¢, = 2 will satisfy our requirements, and
we only need to consider the case of i € {0,...,n — 1}. If ¢, < ¢, then
we may set t,+1 = ¢t and we no longer need to treat the case of ¢ = n
separately. Indeed, if we achieve the condition t; < ¢;t/2P < t;14 for
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1 = n, then in particular ¢,, < g,t/2P» < will be satisfied. Now, from the
right-continuity of b at ¢;, there exists s; > t; such that:

u € [, s8] = |b(t;) —blu)] <e
Let u; = min(s;, ¢;+1). Then ¢; < u; <t, and:
w € [t ui| = ti <u <ty and |b(t;) —b(u)] <e

Hence, all we need to do is find u € [t;, ;[ which can be written as some
git/2P¢. Note that since 0 < t9 < ¢t; < ¢, in particular ¢ > 0 and finding
u € [ti,u;[ of the form ¢;t/2P¢ is equivalent to finding u' € [t;/t, u;/t] of
the form ¢;/27:. In other words, since 0 < ¢;/t < u;/t < 1, we are reduced
to showing that any interval [a, ] where 0 < a < § < 1, contains a
dyadic number of [0, 1], i.e. a number of the form ¢/2P where p > 1 and
g € {0,...,2P}. It is well-known that dyadic numbers are dense in [0, 1]
and some of us will be happy to conclude our proof here. For those who
do not wish to take the density of dyadic numbers for granted, we may
proceed as follows: We assume that 0 < o < 8 < 1. Choose an integer
p > 1 such that 277 < § — «, and consider the set:

J={r : re{0,...,2P}, 3 <r/2P}

Since r = 2P € J, J is a non-empty subset of N, and therefore has a
smallest element, say ¢q. Since 3 > 0, we have ¢ > 1 and furthermore:

q
2P <5§§

However, since § — « > 1/2P, we have:
1 q 1 q—1
Sty e
It follows that o < (¢—1)/2P < 3 and we have proved that any non empty
sub-interval [«, 8] of [0, 1] contains a dyadic number. This completes our
proof. Coming back to our original problem, we have proved that there
exists integers p; > 1 and ¢; € {0,...,2Pi}, i =0,...,n, such that:

ot q1t gnt
O§t0§%<t1§%<...<tn§%§t

and:

‘b(tﬁ—b(qit)‘ge, Vi=0,...,n

2Pi

2. Define p = max;—g,. np; and k; = ¢;2P=P1) . Then p > 1 and from
0 < ¢; < 2Pi we obtain 0 < k; < 2P. Furthermore, for all i = 0,...,n, we
have:

@ _ qig(p—paa)i — ait
2P op ~ opi
We conclude from 1. that:

0<t < kot ¢ < Tt t <k"t<t
< 07§< 17§<...< n72_;07
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and:

3. It follows from the inclusion:

kit kt
S e D
{Qp .Z—O,...,n}g{Qp .k_O,...,2}

together with exercise (7), that:
it Fio1t 2 [kt (k — 1)t
Sp() (5 <5k (5) (%

i=1
or equivalently:
= kit kit
; b (2—,,) —b (?N < Sp — [b(0)] (22)

4. Let i € {1,...,n}. Then:

= s () o(5)
i

+ ‘b(tzl -

kit ki1t
< p(m) (%)

and consequently from (22):

Z|b ) = b(ti—1)| < Sp — [b(0)] + 2ne (23)

Since S = sup,~; Sp, in particular S, < .S, and we obtain:
Z|b ) = b(ti-1)| < 5 = [b(0)] + 2ne (24)

5. Having proved (24) for arbitrary e > 0, we conclude that:
Zlb ) = b(ti-1)| <5 —[b(0)] (25)

6. Let tg < ... <t, be a finite sequence in [0,t], n > 1. If card{to,...,tn} =
1, then all ¢;’s are equal and (25) is true. We assume that card{to, ..., t,} >
2. Let sp < ... < sp be distinct in [0, ¢] such that {so,...,sp} = {to,.. -, tn}
Then, inequality (25) holds for the s;’s, i.e.:

Z [b(s5) = blsj-1)| <5 = [b(0)] (26)
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However, from exercise (7), since {to,...,tn} C {S0,...,5p}:
n P
Z“’( Z (s5) = b(sj-1)l
i=1 J=1

and it follows that (25) is true for the ¢;’s. Hence, we have proved that (25)

holds for all finite sequences t9 < ... < ¢, in [0,¢], n > 1. In other
words, S — [b(0)] is an upper-bound of all sums Y., |b(t;) — b(ti—1)]
as to < ... < t, runs through the set of all finite sequences in [0,?],

n > 1. Since |b|(t) —|b(0)] is the smallest of such upper-bounds, we obtain
[b/(t) = 1b(0)] < S —[b(0)], and finally [b](t) < S

7. Let b : Rt — C be right-continuous. Let ¢t € R*. From 6. we have
|b|(t) < S and we have proved in exercise (18) that S < |b|(t). It follows
that |b|(t) = S. Furthermore, still from exercise (18), the sequence (S,)p>1
is non-decreasing. Hence:

S=supS,= lim S, ¢€[0,+c]
p>1 p—oo

we conclude that |b|(t) = limp—. 4o Sp, Or equivalently:

bl(t) = b(0 |+ngrpm2\() (S5 e

This completes the proof of theorem (82) in the case when b is right-
continuous. We now assume that b is left-continuous instead of right-
continuous. In order to prove (27), we need to show that given ¢t € R*,
we have [b|(t) = S. It is clear that S < |b|(¢) still holds, so we need to
prove the reverse inequality [b[(t) < S, which we shall do with a very
similar argument to that contained in 1. to 6.. Let € > 0 be given, and
suppose tg < ... < t,, is a finite sequence of distinct elements of [0, ¢]. From
the left-continuity of b, there exists integers p; > 1 and ¢; € {0,...,2Pi}
such that:

qot qt Gnt
0< g <to< g <t <..<

b(t:) — b (gpt)

Note that some extra care is required for ¢tg. Indeed, if t5 = 0, then there is
no such thing as the left-continuity of b at tg. However, pg =1 and ¢p =0
will satisfy our requirements. Having found the p;’s and the g;’s, we then
define p = max;—o,...n p; and k; = ¢;2P=P)_ Thenp>1,0<k; < 2P and
furthermore:

and:

€, Vi=0,....n

0<k°t<t<kt<t< <kt<t <t
op =0 Tgp =1 op
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and: L
it .
‘b(tz)—b<2—p>‘§6,w—0,,n

Using exercise (7), we then argue that:

kit ki1t
()4 (25 55w

from which we obtain, just like in 4. and 5.:

n

D

i=1

Z [b(ti) = b(ti-1)] <5 — [b(0)]

This being true when the ¢;’s are distinct, is in fact true in general, and
we conclude that |b|(t) < S. This completes the proof of theorem (82).

Exercise 19

Exercise 20. Let b: R — R™ be defined by b = 1q+. Since for all n > 1 and
k=0,...,n, the number k/2" is rational, we have:

b () ()

k=1
However, we claim that [b](1) = +o00. Let n > 1. Define:

1 2 n
to=0,ts=—t4=—,...ton=—=1
n n n
and for all & € {1,...,n}, let top_1 be an arbitrary irrational number in

Jtok—2,tar[. The fact that such irrational number exists, stems from the density
of irrational numbers in [0, 1], which we shall admit in this tutorial. Hence, we
have a finite sequence ty < t1 < ... <9, in [0, 1], such that:

D [b(t:) = bltiea)| = 2n

It follows that 2n < |b|(1), and this being true for all n > 1, we conclude that
[b](1) = +00. We have proved that:

on

oo = BI(1) £ Tim 3 [b(k/2") = b((k — 1)/2") = 0
k=1

The purpose of this exercise is to illustrate the fact that the conclusion of the-
orem (82) may not hold. This obviously does not contradict theorem (82), as
the map 1g+ is neither left, nor right-continuous.

Exercise 20

Exercise 21.
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1. Let b : RT — C be right-continuous of bounded variation. Let by =
Re(b) and by = Im(b). Then, by and by are both right-continuous of
bounded variations, and in particular right-continuous of finite variations.
Their positive and negative variations |by|*, |b1]|™, |b2|T and |be|™ are
right-continuous, non-decreasing with non-negative initial values (see ex-
ercises (10) and (16)). It follows from definition (24) that the Stieltjes
measures d|b1| 1, d|by|~, d|bz|T and d|b2|~ are all well-defined measures on
(RT,B(RT)).

2. Yes. It is still true if b is right-continuous of finite variation. The assump-
tion that b is in fact of bounded variation has not been used in 1.

3. Let a: RT — R be right-continuous, non-decreasing with a(0) > 0, and
let da be its associated Stieltjes measure (see definition (24)). Then for
all n > 1, we have:

da([0,n]) = da({0}) + da(]0,n]) = a(0) + a(n) — a(0) = a(n)
Furthermore, since [0,n] T RT, using theorem (7):

da(R") = ngr_irrloo da([0,n])

It follows that da(R™) = lim,,— ;o a(n) = a(o0). So da is a finite measure,
if and only if a(c0) < +00. Now, b being of bounded variation, we have:

[bl(00) = lim [b|(t) = sup |b|(t) < +o0
t—+oo teR+

From exercise (2) we have |b1| < |b| and |b2| < |b]. Furthermore from
exercise (10), |by| = [b1|" + b1~ and |ba| = |b2|* + |b2| ™. In particular, it
follows that |b1|" < |b| and consequently:

[b1]"(00) < [b](00) < +o00

We conclude that d|by|" is a finite measure on (R*, B(R™)). Similarly,
d|by|~, d|be|T and d|bs|™ are all finite measures.

4. We define:
db = dlby|* — dlba|” + i(dlba|* — dJba]") (28)
Since d|b1|T, d|b1| ™, d|b2|" and d|bs|~ are all finite measures, in particular
they are complex measures on (R*, B(R™1)), i.e. elements of the C-vector
space M*(R*,B(R")). db being defined by (28) as a linear combina-

tions of elements of M1(R*, B(R™T)), is a well-defined complex measure
on (RT,B(R™)).

5. From (28) and definition (24), we have:
db({0}) = d|ba[*({0}) —dlba| ({0})
+ i(d]be| T ({0}) — dlb2|~ ({0}))
= [b2]7(0) = [b2]7(0) + i(|b2| T (0) — [b2|(0))
= b1(0) 4 ib2(0) = b(0)
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6. Let s,t € R", s <t. From (28) and definition (24):

db(ls,t]) = dlbs|"(]s,t]) — d|bs|” (s, 2])
+ i(dlba| " (Js,1]) — dlba| (Js,1]))
= [baf (&) = [ba] " (s) = [ba] (8) + [ba]~(s)
+ (b2l (t) = (b2l F(s) — [b2| 7 (t) + [b2|~ (5))

= bi(t) = ba(s) + i(b2(t) — ba(s))
= b(t) —b(s)

7. Since b = |b1|+ — |b1|_ + Z(|b2|+ — |b2|_) and |b1|+, |b1|_, |b2|+ and |b2|_
all have finite limits as ¢ — 400 (see 3.), we conclude that lim_ 4 b(t)
exists in C. This limit is denoted b(c0).

8. Since [0,7] T R*, in particular 19,,) — 1g+ = 1 and using exercise (13)
of Tutorial 12, db([0,n]) — db(R™). Hence:

db(R*) = lim_db([0,n])

= lim_(db({0}) + db(]0,n])
Tim_(b(0) + b(n) — b(0))
= lim b(n) = b(co)

n—-+o0o

9. Given b : RT — C right-continuous of bounded variation, we have seen
that db is a complex measure on (R, B(R™)) with:

(1) db({0}) = b(0)
(i) Vs, t € RY s <t db(]s,t]) = b(t) — b(s)

This proves the existence property stated in definition (110). To prove the
uniqueness, we shall use a standard argument based on Dynkin systems.
Suppose i and v are two complex measures on (R*, B(R™)) such that
w({0}) = v({0}) and u(]s, t]) = v(]s, t]) for all s,t € RT, s < t. Define:

D={BeBR") : u(B)=v(B)}

and let:
C={{0}}u{]s,t] : s,teRT s<t}

By assumption C C D, and since C is closed under finite intersection while
D is a Dynkin system on R, from the Dynkin system theorem (1) we
obtain ¢(C) C D. Finally, since o(C) = B(R"), we have B(R'T) C D
which shows that y = v. This proves the uniqueness property stated
in definition (110). It may be that some of us think this proof of the
uniqueness property was a little bit short, as some of the key points have
not been justified. The fact that A,B € C = AN B € C was already
proved in detail in Tutorial 3, and it is pretty straightforward anyway. The
fact that o(C) = B(R™) is the object of exercise (20) in Tutorial 3. As an
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alternative quick proof, it is by now known that C' = {]s,t] : s,t € R s <t}
generates the o-algebra on R, i.e. o(C’) = B(R). However, any element
of C"R+, the trace of C' on R™, is of the form |s,t] or {0}U]0,¢] with
s,t € R*. Hence, it is a simple exercise to show that o(C) = o( "R+).
Using the trace theorem (10) we obtain:

o(C) = U(CllR+) =0o(C)r+ = BR) g+ = B(R™)
The fact that D is a Dynkin system on R™T can be seen as follows:
p(RY) = Tim _ p((0,n]) = lim v([0,n]) = v(RT)

So Rt € D. Furthermore, if A,B € D, A C B, then:
W(B\ A) = u(B) — p(A) = v(B) — v(A) = (B \ 4)

So B\ A € D. Finally if A,, € D and A,, T A, then in particular 14, — 14
and from exercise (13) of Tutorial 12, we have:

pld)= lm p(An) = lm v(An)=r(4)
which shows that A € D. This really completes our proof of the uniqueness
property stated in definition (110).

Exercise 21

Exercise 22. Let a : Rt — RT be right-continuous, non-decreasing with
a(0) > 0. From definition (24), the Stieltjes measure da associated with a
is well-defined. However, if we assume that a(co) < +oo, from exercise (1)
la| = a, and a is therefore right-continuous of bounded variation. According
to definition (110), the notation ’da’ refers to the so-called complex Stieltjes
measure associated with a. Hence, we are in a situation where because a can
be viewed both as right-continuous, non-decreasing with a(0) > 0 and right-
continuous of bounded variation, the notation 'da’ is potentially ambiguous as
its meaning is derived from two possibly conflicting definitions (24) and (110).
The purpose of this exercise is to show that in fact, no conflict arises. Let u be
the Stieltjes measure on (R*, B(R™1)) associated with a, as per definition (24),
and v be the complex Stieltjes measure associated with a, as per definition (110).
Then, we have:

(@) u({0}) =v({0}) = a(0)
(i7) Vs,t e RT s <t u(ls,t]) = v(]s,t]) = a(t) — a(s)

However, u(R1) = a(c0) < 400 and p is therefore a finite measure. In particu-
lar, it is a complex measure on (R™, B(R™)). From the uniqueness property of
definition (110), it follows that p = v. So the Stieltjes measure associated with
a, coincides with its complex Stieltjes measure, and there is no conflict regarding
the notation ’da’.

Exercise 22

Exercise 23.
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1. Let b: R — C be right-continuous of finite variation. Let b1 = Re(b) and
by = Im(b). Then by and by are right-continuous maps of finite variation,
and their negative and positive variations |b1|*, [b1]| ™, [b2|" and |by|™~ are
all right-continuous, non-decreasing with non-negative initial values. By
virtue of definition (24), d|b1|", d|bi|™, d|be|t and d|by|~ are all well-
defined measures on (R*, B(R™)).

2. It is impossible to define db = d|b1|" — d|by|~ +i(d|ba|T — d|b2| ), because
d|by|T, d|bi|7, d|ba|T and d|by|” are not necessarily finite measures, and
any algebraic expression involving 400 — (+00) makes no sense. To ensure
that d|by|*, d|bi|~, d|b2|" and d|bs|~ be finite measures, we have to assume
that b is not just of finite variation, but also of bounded variation.

Exercise 23

Exercise 24.

1. Let b: RT — C be amap and T € RT. Let b : Rt — C be the map
defined by b7 (t) = b(T'At) forallt e RT. Let t e Rt and tp < ... < t,
be a finite sequence in [0,¢], n > 1. Then T Aty < ... < T At, is a finite
sequence in [0,T A t], n > 1. Hence, from definition (108):

Z [b(T Ati) —b(T Ati)] < |b|(T At)— [b(0)]
i=1

or equivalently:

Z|bT =" (tim1)| < b7 (2) — [b(0))]

It follows that [b|” (¢) —|b(0)]| is an upper-bound of all sums >, [b'(¢;) —

bl (ti1)| as to < ... < t, runs through the set of all finite sequences in
[0,¢], n > 1. Since [bT|(¢) — [bT(0)] is the smallest of such upper-bounds,
we obtain:

[b7](2) = [bT(0)] < [b]" (2) — [b(0))]
Since b7(0) = b(O) we finally have |67 |(t) < [b|T(¢). To show the reverse
inequality, let ¢y < ... <t, be a finite sequence in [0,T At], n > 1. Then:

ZwT )= 67 (1)

|bT|(TM) — b7 (0)]

[b7|(t) — [b(0)]

It follows that [b7|(t) — |b(0)| is an upper-bound of all sums Y7, |b(t;) —
b(ti—1)| as to < ... < t,, runs through the set of all finite sequences in

[0,T At], n > 1. Since [b|(T At) —|b(0)| is the smallest of such upper-
bounds, we obtain:

n

D Ib(t:) = b(ti—)]

i=1

IAINA

[BI(T A L) = [b(0)] < b7 (1) — [b(0)]
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ie. [b/T(t) < [bT|(t). Finally, we have proved that [bT|(t) = |b|T(¢). This
being true for all t € R*, we have |[bT| = |b|T.

2. Suppose b is of finite variation. Then [b|(t) < +oo for all t € RT. Let
T ¢ R*. Using 1. we obtain:

T _ . T
pl(00) = Tim_ 1)
o T
= i b6
= i BT )
= |b|(T) < +o0
So bT is a map of bounded variation.

3. Suppose b is right-continuous of finite variation. Let T € RT. From
2. bT' is right-continuous of bounded variation. From definition (110), its
associated complex Stieltjes measure db’ is well-defined, and is the unique
complex measure on (R, B(R")) such that:

(1) db™ ({0}) = b (0)
(i) Vs,t € RT,s <t , db?(Js,t]) = b7 (t) — b7 (s)

In other words, it is the unique complex measure such that:

(1) db™ ({0}) = b(0)
(i) Vs,t € RT,s <t , db"(]s,t]) =b(T At) —b(T As)

4. Suppose b is R-valued of finite variation. Let T € R*. Using 1. together
with definition (109) we obtain for all t € R™:

B = 610 + 57 ()
= (b7 + b7 (1)
- %(|b|(T/\t)+b(T/\t))

= (T A = (b))

So [Tt = (]b|*)T and similarly, the negative variation |bT |~ of b7 is
given by [b7]~ = (|b]7)".

5. Suppose b is right-continuous of bounded variation. Then its associated
complex Stieltjes measure db is well-defined as per definition (110). Let
dbl®T] be the complex measure defined by:

VB e BRY) , dblT1 2 db([0,T] N B)
Then, we have:

b1 ({0}) = db([0,T] N {0}) = db({0}) = b(0)
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and for all s,t € R, s < t:
b "1(]s, 1))

db([0, TN, 2])
db(]T N s, T Nt))
b(T At)—b(T A s)

Hence, from the uniqueness property of 3., db” = dbl%T],

6. Suppose b is right-continuous, non-decreasing with b(0) > 0. In particular,
b is right-continuous of finite variation, and from 3. db” is the unique
complex measure on (R, B(R")) such that:

(1) db™ ({0}) = b(0)
(i) Vs,t € R, s <t , db"(]s,t]) =b(T At) —b(T As)

However, the Stieltjes measure db is well-defined as per definition (24),
and similarly to 5. we have dbl>71({0}) = b(0), with:

dbl%TN(]s, 1)) = b(T At) — b(T A s)
Furthermore:
dbOTIR*) = db([0,T]) = b(T) < +00

and consequently dbl®T! is a finite measure, and in particular a complex
measure on RT. From the uniqueness property of 3. we conclude that

dbl0 1) = dpT.
Exercise 24
Exercise 25.
1. Let p,v be two finite measures on R™ such that:
(0)  p({0}) <v({0})
(i1) Vs,t e R, s <t, pu(ls,t]) <v(ls,t))

Let a,c : RT — R™ be defined by a(t) = u([0,t]) and c(t) = v(|
Then a(0) = p({0}) > 0 and similarly ¢(0) > 0.
Then, we have:

0,4)).
Let s,t € RT, s < ¢

a(t) = M([Ovt])
= u([0,s]) + u(]s, t])
> p([0,5]) = a(s)

So a is non-decreasing, and similarly ¢ is non-decreasing. Let t € R™ and
(tn)n>1 be an arbitrary sequence in R* such that ¢,, || ¢ (i.e. t, — ¢ and
t < tpt1 <t, forall n>1). Then, [0,%,] | [0,t], and since p is a finite
measure, from theorem (8) we have:

p((0,8]) = lim p([0,2,])

It follows that a(t) = lim,,— 4o a(t,,), which shows that a is right-continuous.
Similarly, ¢ is right-continuous.
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2. Let da be the Stieltjes measure associated with a as per definition (24).

We have p({0}) = a(0) = da({0}) and since p is a finite measure, for all
s,;teRT, s <t

u(ls, ) = w((0,]) - ([0, s))
— alt) - a(s) = da(]s, 1)

From the uniqueness property of definition (24), we conclude that da = p.
Similarly dec = v.

. For all t € RT, we have:

a(t) = p([0,])
= p({0}) + u(]0,t])
< v({0}) +v(]0,4])
= v([0,t]) =c(t

which shows that a < c.

. Let b = ¢—a. Since a and ¢ are right-continuous, b is also right-continuous.
Since a < ¢, in particular a(0) < ¢(0) and consequently b(0) > 0. Let
s,t € RT, s <t. We have:

b(t) = c(t) —a(t)
= v([0,5]) = u([0, s]) + v(s, t]) — p(ls, 1))
= c(s) —als) +v(s,t]) — us, t])
> cs) —a(s) = b(s)

which shows that b is non-decreasing.

. Let db be the Stieltjes measure associated with b as per definition (24).
Then da + db is a measure on (R, B(RT)), and:

(da + db)({0}) = da({0}) + db({0}) = a(0) + b(0) = c(0)
Furthermore, for all 5,t € R*, s < t:
(da + db)(]s, t]) da(]s, t]) + db(]s, t])
a(t) —a(s) +b(t) — b(s)
= ¢(t) —c(s)

From the uniqueness property of definition (24), we conclude that da+db =
de.

. It follows from 5. that for all B € B(R™), we have:
de(B) = da(B) + db(B)

In particular da(B) < de(B), and since da = p and de = v, we have proved
that u(B) < v(B). This proves theorem (83).
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Exercise 25

Exercise 26.

1. Let b : RT — C be a right-continuous map of bounded variation. Let db be
its associated complex Stieltjes measure, as per definition (110). Let d|b|
be the Stieltjes measure associated with the total variation map |b|, as per
definition (24). Then, we have d|b|({0}) = [b[(0) = |b(0)|. Furthermore,
since Eq = {0}, E, =0, n > 1, defines a measurable partition of {0} (see
definition (91)), we have from definition (94):

[b(0)] = [db({0})] = Zldb )| < 1db|({0})

where |db| denotes the total variation measure |db| of the complex measure
db. Furthermore, if (E),)p>1 is an arbitrary measurable partition of {0},
then {0} = E, for some n > 1, and it is easy to see that E,, = () for
m # n. Hence:

Zldb )| = 1db({0})| = [b(0)]

In particular |b(0)| is an upper-bound of all sums :z |db(Ey)| as (Ep)n>1
runs through the set of all measurable partitions of {0}. From defini-
tion (94), |db|({0}) is the smallest of such upper-bounds, and consequently
|db|({0}) < [b(0)]. Finally, we have proved that |db|({0}) = [b(0)| =
d[b|({0}).

2. Let s,t € RT, s <t. Let tg < ... <t, be a finite sequence in [s,t], n > 1.
Then, the sequence s, o], Jto,t1],-- - Jtn—1,tn], [tn,t], 0,...constitutes a
measurable partition of |s, t]. Hence:

n

Z|b = b(ti1)| =Y ldb(Jti—1, ti])]

i=1

<ldb(]s, to])|+Z|db(]ti71, ti))|4-1db(]tn, )]

<ldb[(Js, )

3. It follows from 2. that |db|(]s, t]) is an upper-bound of all sums >, [b(¢;)—
b(t;—1)| as to < ... < t, runs through the set of all finite sequences in
[s,t], n > 1. Since from theorem (80), |b|(t) — |b|(s) is the smallest of such
upper-bounds, we obtain:

[bI(t) — [b](s) < |db|(]s,t])
4. From 3. we have for all s,t € Rt, s <t:

d[bl(Js, ]) = [bl(£) — [bl(s) < [db|(Js, t])
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Furthermore from 1. d|b|({0}) = |db|({0}) and in particular d|b|({0}) <
|db|({0}). Moreover, from theorem (57), the total variation |db| is a finite
measure on (RT, B(R™)), and since b is of bounded variation:

dip(RT) = Tim d[b|([0,n]) = Tlim_[b](n) = [b](c0) < 400

So d|b| is also a finite measure on (R*, B(R")). Applying theorem (83),
we conclude that d|b| < |db].

5. Let f € L&(RT,B(R™),|db|). Then f is measurable, and using d|b| < |db|
together with exercise (18) of Tutorial 12, we obtain:

/|f|d|b| < /|f||db| < 400
So f € L&(RT, B(RY), d|b)).

6. From theorem (12), since R is metrizable, R™ is also metrizable. Further-
more, if V;, = [0,n[, n > 1, then (V},),>1 is a sequence of open subsets of
R* with compact closure, such that V,, T RT. From definition (104), it
follows that RT is strongly o-compact.

7. Since R is metrizable and |db| is a finite measure, from theorem (70) the
set of continuous and bounded functions C&(R*) is dense in L&(R*, B(R™T), |db|).
Since R is metrizable and strongly o-compact, since |db| is a finite mea-
sure, in particular |db| is locally finite. From theorem (78) the space of con-
tinuous functions with compact support C& (R ™) is dense in LG (R, B(R™), |db|).

8. Let h € LE(R™,B(RT),|db]). Let € > 0. From the density of C&(R™)
obtained in 7. there exists ¢ € C&(R™) such that:

[ 16 nlidvi < (29)
9. Using (29) and exerCISe 16 of Tutorial 12:
| = [l
< /q&db—/hdb‘
- / (6— h)db‘
<

/|¢>—h||db| <e

‘/hdb‘ < ‘/Qﬁdb‘ te (30)

and we conclude that:
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10.

11.

12.

13.

Since d|b| < |db|, using exercise (18) of Tutorial 12:

[t = [wtanl| = | [qo1 = inpate
< [ 1ol = pullaw

N

AN AN
—
- -
| |
= =
= S
< <

Using 10 and (29) we obtain:

[1sdel = [ inlate

and consequently:

IN

} [1otani - [ |h|d|b|\
[ 16~ njavl <

IN

/ B1dlb] < / IBldlb] + e (31)

For all n > 1, we define:

n2"—1

A
n = ¢(0)140y + Z d(k/2") Ly j2n (k1) /27]

k=0

Since ¢ € C&L(RT), there exists M € R* such that |¢(x)] < M for all
x € R*. Then |¢,(x)| < M for all z € R and n > 1.

Let t € RT. If t = 0 then ¢, (t) = ¢,(0) = ¢(0) = ¢(¢) for all n > 1, and
it is clear that ¢, (t) — ¢(t). We assume that ¢ > 0. Since ¢ is continuous
at t, given > 0 there exists n > 0 with:

t=tl<n = lo(t) — (') <

Choose N > 1 large enough so that 2=~ < and ¢ € [0, N]. Then, for all
n > N, there exists k € {0,...,n2" — 1} such that ¢t €]k/2", (k+ 1)/2"],
and consequently:

[Pn(t) — o) = |o(k/2") — ()] < 6
We have found N > 1 such that:
n>N = |pa(t) —o(t) <6

This shows that ¢, (t) — ¢(t). This being true for all t € R, we have
proved that ¢, — ¢ pointwise.
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14. Since ¢ and all the ¢,,’s are measurable and bounded, |db| being a finite
measure, the integrals [ ¢db and [ ¢, db with respect to the complex mea-
sure db, are well-defined, as per definition (97). Let g € LE(R*, B(R ™), |db])
be such that |g| = 1 and db = [ g|db|. Since ¢, — ¢ pointwise, we have
¢ng — ¢g. Furthermore from 12. |¢,,| < M and since |db| is a finite mea-
sure, the constant M can be viewed as an element of L (R, B(R™), |db|).
Applying definition (97) together with the dominated convergence theo-

rem (23), we obtain:
Jow = [ogla
= 1. n
L / dngldb|

= 1. n
[ ot

15. Since |¢y,| — |¢| pointwise and |¢y,| < M for all n > 1 while d|b] is a finite
measure, from the dominated convergence theorem (23), we have:

[1eidpl = tim_ [ lnlale

16. For all n > 1 we have:

n2"—1
k
/¢ndb = ¢(0)/1{0}db+ Z ¢ (2—n> /1]k/2",(k+1)/2”]db

n2"—1

0)db({0}) + Z ¢( >db Jk/2", (k +1)/2")

”QZV(W)( (57) ()

17. Given n > 1 and k € {0,...,n2" — 1}, from theorem (80):

p(55) - ()l = (57) -m ()

Hence, from 16. we obtain:

ot (B )

< OO |0 o(3) (55 ) -1 (3))
EhE)Im(25)

=|#(0)[d|b[({0}) +Z
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&)

n2"—1

ﬂmw/mwwez
k=0

— [ tenlde

18. From 14. 15. and 17. taking the limit as n — 400, we obtain:

L/mﬂ</wwm (32)

19. From (30), (32) and (31) we obtain:

‘/hdb

/1]k/2",(k+1)/2"]d|b|

INA
—
<
S,

_ S
_|_

e}

< /wwm+e
< / |h|d|b| + 2¢

20. Having proved that | [ hdb| < [ |h|d|b|+2¢ for arbitrary e > 0, we conclude

that:
/hdb‘ < / Ihld]b) (33)
This has been proved for arbitrary h € L&(RT, B(R™), |db]).

21. Let B € B(R") and h € L§(R", B(R™), |db]) be such that |h| = 1 and
db = [ h|db|. Since |db| is a finite measure, in particular it is a complex
measure, and we can therefore apply theorem (65) to obtain:

/ hdb — / 1 hdb

B
- /1BE-h|db|
- /wmmm

:g/m@huwm

22. Let B € B(R1). We have:
|db|(B) = ||dbl(B)]|

_ ‘/1Bhdb‘
/mmwm

/hww=ﬂwm

IA
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where the second equality stems from 21. and the inequality from (33)
applied to the map 1zh € LE(R*,B(RY),|db|). Having proved that
|db|(B) < d|b|(B) for all B € R", we have proved that |db| < d|b|. From
4. we conclude that |db| = d|b|. The purpose of this exercise is to show
that given a right-continuous map of bounded variation b : R — C, the
total variation |db| of its associated complex Stieltjes measure, is equal to
the Stieltjes measure d|b| associated with its total variation.

Exercise 26

Exercise 27.

1. Let b : RT — C be a right-continuous map of finite variation. Let
T € R*". From exercise (24), bT is right-continuous of bounded varia-
tion and its complex Stieltjes measure db” is therefore well-defined, as per
definition (110). From exercise (26), we have |db”| = d|bT|. Furthermore,
we showed in exercise (24) that [b”| = |b|T. Hence, we have d|b”| = d|b|”
and we have proved that for all 7€ R*:

jdb"| = d|p”| = d|p|" (34)

2. Since |b] is right-continuous, non-negative with |b|(0) > 0, from exer-
cise (24) we have:

dpp|” = d|p||>™ £ app|([0,T] N ) (35)

Now, if b is right-continuous of bounded variation, the fact that |db| = d|b|
was proved in exercise (26). If b is right-continuous of finite variation and
T € R*, then b7 is right-continuous of bounded variation, and from (34)
and (35) we conclude that |db”| = d|b|([0,T] N ) = d|b|T. This proves
theorem (84).

Exercise 27

Exercise 28.

1. Let t > 0. Suppose the limit b(¢—) is not unique. There exist [,I’ € E,
I # I’ such that b(s) tends both to [ and I’ as s [Tt (i.e. s — ¢, s < t).
However, since E is Hausdorff and [ # I’, from definition (67) there exist
U and U’ open in E such that [ € U, I’ € U and UNU’ = (. From
b(s) — L as s 1Tt we see that there exists t; € R™, t; < t, such that:

s €lt1,t[ = b(s) e U
Similarly, there exists t; € R™T, ] < t, such that:
s €]ty t[ = b(s) e U’

This contradicts the fact that U N U’ = (. We have proved that the limit
b(t—) is unique. More generally, any limit (when it exists) in a Hausdorff
topological space is unique.
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2. Let z,y € E' with x # y. In particular z,y € E with x # y. Since F is
Hausdorff, there exist U and V open in F, such that x € U, y € V and
UNV = 0. It follows that z € UNE’, y € VNE' and (UNE")N(VNE') = 0.
Since U N E’ and V N E’ are open subsets of E’, we conclude that the
induced topological space E’ is Hausdorff.

3. Let b : R™ — E be cadlag with values in £/ C E. By assumption, b is
right-continuous and for all £ > 0, the limit:

A
b(t—) = lim b(s
(=) 2 Tim b(s)
exists in E. Since b has values in E’, it can be viewed as a map b : R™ —
E’. Such a map is still right-continuous (see proof of 4.), but the limit
b(t—) for t > 0 may not be an element of E’. So b: Rt — E’ may not be
cadlag. In other words, b may not be cadlag with respect to F’.

4. Consider b: Rt — E’, where E’ is the closure of E' in E. We claim that
b is cadlag (with respect to E’). Since b : Rt — E is right-continuous,
for all to € R™, for all U open subsets of E with b(tg) € U, there exists
t1 € RT, to < t1, such that:

t € [to,t1] = b(t) €U (36)

Let U’ be open in E’ with b(tg) € U’. Then U’ = UN E’ for some U open
in £ with b(tg) € U. Let t; € R, ¢ty < ¢1 be such that (36) holds. Since
b has values in E' C E’, b(t) € U is equivalent to b(t) € UNE' = U’
Hence, we have:
t € [to,ti] = b(t) €U’

which shows that b : Rt — E’ is indeed right-continuous (the fact that £’
is the closure of E’ has not be used so far). Let tqg > 0. Since b : Rt — E
is cadlag, the limit b(tp—) exists in E. Let U be open in E such that
b(top—) € U. There exists t; € R, t; < tg, such that:

t E]tl,to[ = b(t) eU

In particular, since b(t) € E’ for allt € RT, we have UNE’ # (). Hence, for
all U open subsets of E with b(tg—) € U, we have proved that UNE’ # ().
This shows that b(to—) € E’. Hence, for all ¢y > 0, we have shown that
b(to—) exists in E'. We conclude that b : RT — E’ is cadlag. In other
words, b is cadlag with respect to E'.

5. Let b : R — R be a map. The right-continuity of b is independent of
whether b is viewed as a map with values in R or values C. If b: Rt — R
is cadlag, then for all ¢ > 0, b(t—) exists in R. In particular, b(t—) exists
in C. Sob: Rt — C is cadlag. Conversely, if b is cadlag with respect to
C with values in R, from 4. it is cadlag with respect to the closure of R
in C. However, R is a closed subset of C, hence equal to its own closure.
So b is cadlag with respect to R. We have proved that b : R™ — R is
cadlag, if and only if b : RT — C is cadlag.
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Exercise 28

Exercise 29.

1. Let b : RT — C be cadlag. Suppose b is continuous with b(0) = 0.
From definition (111), b(0—) is defined as b(0—) = 0. Hence, Ab(0) =
b(0) — b(0—) = 0. Suppose t > 0. Since b is continuous at ¢, in particular
it is left-continuous at ¢. Hence:

: A
b(t) = ?TI% b(s) = b(t—)

It follows that Ab(t) = b(t)—b(t—) = 0. Conversely, suppose Ab(t) = 0 for
all t € RT. In particular Ab(0) = 0 and consequently b(0) = b(0—) = 0.
Furthermore, for all t > 0, Ab(t) = 0. So b is left-continuous at ¢. Being
cadlag, b is also right-continuous at ¢. Being right-continuous at 0, b is in

fact continuous at every point of R*T. We have proved that b is continuous
with b(0) = 0, if and only if Ab(¢t) =0 for all t € RT.

2. Let a : RT — R™ be right-continuous, non-decreasing with a(0) > 0. We
claim that a is cadlag. From exercise (28), since R™ is a closed subset of
R, being cadlag with respect to R or RT is equivalent. To show that a is
cadlag, we only need to show that for all ¢ > 0, the left-limit a(t—) exists
in R. Given t > 0, define:

12 sup af(s)
s€]0,t]
Since a is non-decreasing, we have [ < a(t) < +oo. In particular, € > 0
being given, we have [ — e < [. So [ — € cannot be an upper-bound of all
a(s)’s as s €]0,t[. There exists u €]0,¢[ such that | — e < a(u). Since a is
non-decreasing, we obtain:

s€lu,t] = l—e<a(s) <l

which shows that a(t—) exists and is equal to I. We have proved that a
is cadlag. Since a(0) > 0 and by convention a(0—) = 0, it is clear that
Aa(0) > 0. Let t > 0. We have seen that a(t—) =1 < a(t). So Aa(t) > 0.
Having proved that Aa(t) > 0 for all t € RT, we conclude that Aa > 0.

3. Let by,by : RT — C be two cadlag maps. Let o € C. Then, by + abs is
right-continuous, and for all ¢t > 0:

ilTI%(bl + abg)(s) = b1 (t—) + Oébg(t—)

So the left-limit (b + abs)(t—) exists in C. This shows that by + aby is
cadlag.

4. Let b: RT — C be right-continuous of finite variation. From exercise (17),
b can be expressed as b = by — ba + i(bs — by) where each b; is right-
continuous, non-decreasing with b;(0) > 0. From 2. each b; is cadlag.
From 3. a linear combination of cadlag maps is cadlag. We conclude
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that b is cadlag. We have proved that any right-continuous map of finite
variation is cadlag.

5. Let a : Rt — R™ be right-continuous, non-decreasing with a(0) > 0. Let
da be its associated Stieltjes measure, as per definition (24). We have:

Aa(0) = a(0) — a(0—-) = a(0) = da({0})

Furthermore, for all t > 0, given an arbitrary sequence (t,)n>1 in |0, %]
such that ¢, 17 t, we have Jt,,,t] | {t}. Moreover:

da(Jt1,t]) = a(t) — a(t1) < a(t) < o0
Applying theorem (8), we obtain:

da({t})) = Hm_daltn.1)
= nETm(a(t)_a(tn))

= a(t) —a(t—) = Aa(t)
We have proved that da({t}) = Aa(t) for all t € R*.

6. Let b : RT — C be right-continuous of bounded variation. Let db be its
associated complex Stieltjes measure, as per definition (110). We have:

Ab(0) = b(0) — b(0—) = b(0) = db({0})

Furthermore, for all ¢ > 0, given an arbitrary sequence (t,),>1 in |0, [
such that t,, 17 ¢, we have |t,,t] | {t} and in particular 1j; 4 — 1.
Using exercise (13) of Tutorial 12, we obtain:

db({t}) = lim db(|tn,t])

n—-+o0o
= 1iIJ£1 (b(t) — b(tn))
= b(t) —b(t—) = Ab(t)
We have proved that db({t}) = Ab(¢) for all t € R*.

7. Let b: RT — C be right-continuous of finite variation. Let ' € R™. Let
t € RT. Suppose that t < T. Then b7 (s) and b(s) coincide for s < t.
So b7 (t—) = b(t—). Suppose that T' < t. Then b(s) = b(T) on |T,¢[ and
consequently b (t—) = b(T). We have proved that:

bt—) if t<T

+ Ty \ _
VEERT, bt ){ WT) if T <t

Furthermore, we have:
AbT(0) = b"(0) = b(0) = Ab(0)1(9,7(0)
Moreover, if t €]0,T:
AbT(t) =" (t) — b" (t—) = b(t) — b(t—) = Ab(t)1}o7(t)
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and if t €]T, 400
AbT(t) =" (t) = b" (t=) = b(T) — b(T) = 0 = Ab(t) 1o 7(t)

We have proved that Ab” (t) = Ab(t)1jo,7y(¢) for all t € RT. Finally, since
bT is right-continuous of bounded variation, from 6. we have db” ({t}) =
AT (t) = Ab(t)1o,7y(t).

Exercise 29

Exercise 30.

1.

Let b : R™ — C be cadlag and T' € RT. Suppose that b(t—) is not
bounded on [0, T]. For all n > 1, there exists ¢ € [0, T] such that |b(¢t—)| >
n. Define U,, = {#z € C : |z| > n}. Then U, is an open subset of C and
b(t—) € U,,. There exists u, € [0,t], such that:

s €Jup, t[ = b(s) € U,

Choosing an arbitrary ¢, €luy,,t[, we have b(t,) € U,. The sequence
(tn)n>1 is a sequence of elements of [0,T] such that |b(t,)| > n and in
particular |b(t,)] — +o0.

. Suppose b is not bounded on [0,7]. For all n > 1, there exists some

sp, € [0, 7] such that |b(s,)| > n. Since [0,T] is metrizable and compact,
from the sequence (s,),>1 we can extract a converging sub-sequence, say
(S¢(n))n>1 (see theorem (47)). Let t € [0,T] be its limit. Defining ¢, =
54(n), We have found a sequence (t,)n>1 on [0,77] such that ¢, — t for
some t € [0,T], and [b(t,)| — +oc.

Let R={n>1:t<t,}and L={n>1:t, <t}. Since N=RUL, R
and L cannot be both finite.

. Suppose R is infinite. Since t,, — ¢, there exists N1 > 1 such that:

n>N; = t, €]t —1,t+ 1[N0, T]

Let Ay ={n>1:t, €[t,t+1[N[0,T]}. Since n € R implies n < N; or
n € Ay, the fact that R is infinite implies that A; is infinite. In particular,
Aj is not empty, and there exists nq > 1 such that:

tn, € [t,t +1[N[0,T]

R being assumed infinite, suppose we have ny < ... < ng, k > 1, such
that t,, € [t,t + 1/4[N[0,T] for all j € {1,...,k}. Since t, — t, there
exists Ng41 > 1 such that:
> Nepr = to€ |t— —— 14— N[0,
n n R T 1 ’
2 Ni41 Pl r 1

Let Agt1 ={n>ny:t, € [t,t+1/(k+1)[N]0,T]}. Then n € R implies
n < Ngy1 orn < np or n € Agy1. So the fact that R is infinite implies
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that Agyq is itself infinite. In particular, A1 is not empty, and there
exists ngy1 > ng such that:

1
tnk+1 € |:t7t+ k—'H. |:m [OvT]
This induction argument shows that we can construct a sequence n; <
no < ... such that

1
b, € [t,t+%[m[o,T] Yk > 1

6. By construction we have ¢, — t while ¢ < ¢,,. Since b is cadlag, in
particular b is right-continuous. So b(t,,) — b(t) and |b(ty,)| cannot
converge to +00. This contradicts the fact that |b(t,)| — +oo.

7. Suppose L is infinite. In particular L is not empty. There exists n > 1
such that ¢, < t. So t > 0. Since t, — t, there exists N1 > 1 such that:

n>Ny = t, €]t—1,t+1[N[0,T]

Let By ={n>1:t¢€]t—1,t{N[0,T]}. Then n € L implies that n < Ny
or n € By. So the fact that L is infinite implies that B; is infinite. In
particular, B; is not empty, and there exists n; > 1 such that ¢,, €
Jt — 1,¢[N[0, T]. Following an induction argument identical to that of 5.
we can construct a sequence ny < ng < ... such that:

1
b, e}t—E,t[ﬂ[O,T] Yk > 1

8. Since b is cadlag, the left-limit b(t—) exists in C. By construction, we have
tn, — t, while ¢, < t. It follows that b(t,,) — b(t—) and consequently
|b(t,,,, )| cannot converge to +oo. This contradicts the fact that |b(t,)| —
+00.

9. Let b: RT — C be a cadlag map. Let T € R™. Suppose b(t) or b(t—)
is not bounded on [0,T]. If b(t—) is not bounded on [0, 7], then from 1.
there exists (t,,)n>1 in [0, T] such that |b(t,)| — +oo. Hence, without loss
of generality, we may assume that b(¢) is not bounded on [0,7]. From 2.
we can construct a sequence (ty,),>1 in [0, 7] such that ¢, — ¢ for some
t € [0,7) and |b(t,)| — +oo. However, assuming R infinite leads to a
contradiction in 6. while assuming L infinite leads to a contradiction in
8.. Since R and L cannot be both finite, we conclude that our initial
assumption is absurd. This shows that b(t) and b(t—) are both bounded
on [0, 7], which completes the proof of theorem (85).

Exercise 30
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